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Ultrasonic measurements have been carried out to investigate the critical dynamics of structural and superconduct-
ing transitions due to degenerate orbital bands in iron pnictide compounds with the formula Ba(Fe1−xCox)2As2. The
attenuation coefficient αL[110] of the longitudinal ultrasonic wave for (C11 + C12 + 2C66)/2 for x = 0.036 reveals the
critical slowing down of the relaxation time around the structural transition at Ts = 65 K, which is caused by ferro-type
ordering of the quadrupole Ox′2−y′2 coupled to the strain εxy. The attenuation coefficient α66 of the transverse ultrasonic
wave for C66 for x = 0.071 also exhibits the critical slowing down around the superconducting transition at TSC = 23 K,
which is caused by ferro-type ordering of the hexadecapole Hαz
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bound two-electron state coupled to the rotation ωxy. It is proposed that the hexadecapole ordering associated with the
superconductivity brings about spontaneous rotation of the macroscopic superconducting state with respect to the host
tetragonal lattice.
1. Introduction
Since the discovery of superconductivity in iron pnictide
compounds with the formula LaFeAs(O1−xFx) with a high
transition temperature of TSC = 26 K by Hosono and his
coworkers in 2008,1) many researchers have been involved in
the search for various iron-based composites showing high su-
perconducting transition temperatures and the inherent mech-
anism of the superconductivity. Among the many iron-based
compounds, the family of LaFeAsO with the 1111-type Zr-
CuSiAs structure shows transition temperatures as high as
TSC ∼ 56 K.2) The family of BaFe2As2 with the 122-type
ThCr2Si2 structure exhibits superconductivity with TSC ∼ 38
K upon the substitution of barium for potassium.3) The other
family of LiFeAs with the 111-type PbFCl structure shows
superconductivity with TSC ∼ 18 K,4) and FeSe with the 11-
type PbO structure shows superconductivity with TSC ∼ 10
K.5) These compounds have a common lattice structure with
a two-dimensional square of iron layers, which gives the elec-
tronic band structure due to 3d orbitals of Fe2+ ions favorable
for achieving superconductivity with high transition tempera-
tures.
The 122-type compounds of BaFe2As2 showing the su-
perconductivity under either chemical doping or apply-
ing pressure have received particular attention,6–8) because
high-quality single crystals with a fair size are available
for experiments. The end material of BaFe2As2 exhibits a
structural phase transition from the tetragonal phase with
space group D174h (I4/mmm) to the orthorhombic phase with
space group D232h (Fmmm) simultaneously accompanied by
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antiferro-magnetic ordering with a stripe-type spin structure
at transition temperatures of Ts = TN = 140 K.3, 9, 10) The
chemical doping by substituting Co ions with 3d7 electrons
for Fe ions with 3d6 electrons in Ba(Fe1−xCox)2As2 reduces
both the structural and antiferro-magnetic transition tempera-
tures while slightly splitting the two transition temperatures
so that Ts > TN.11–14) The Co-ion doped compounds with
x > 0.03 reveal the superconductivity below the successive
structural and magnetic transitions. With increasing the Co
dopant concentration x to the quantum critical point (QCP)
of xQCP = 0.061, the structural and antiferro-magnetic order-
ings disappear and the superconducting phase manifests itself.
Upon further doping over xQCP, the optimized superconduct-
ing transition temperature of as high as TSC = 23 K emerges
in the compound with x = 0.071.
In order to clarify the interplay of the structural transition to
the superconductivity in the iron pnictide Ba(Fe1−xCox)2As2,
the softening of the elastic constant C66 as a precursor of the
structural transition has been intensively investigated. By us-
ing resonance ultrasonic spectroscopy, Fernandes et al. first
showed the softening of C66 in Ba(Fe1−xCox)2As2 for the end
material and the over-doped compound with x = 0.08, the lat-
ter exhibiting a superconducting transition at TSC = 16 K, and
proposed that the softening of C66 is caused by spin nematic
fluctuations of the Fe 3d6 electrons.15) By using the ultrasonic
pulse-echo method, Goto et al. showed the softening ofC66 by
21% for x = 0.071 from 300 K down to the optimized super-
conducting transition temperature TSC = 23 K, and deduced
that the electric quadrupole Ox′2−y′2 associated with the degen-
erate y′z and zx′ orbitals of the Fe2+ ion coupled to the elastic
strain εxy of the transverse ultrasonic wave plays a role in the
appearance of the superconductivity.16) Here, the x and y (x′
and y′) coordinates for neighboring Ba-Ba (Fe-Fe) directions
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are adopted. Yoshizawa et al. systematically investigated the
elastic constant C66 for compounds with various Co concen-
trations and clarified the quantum criticality of the softening
of C66 around the QCP of xQCP = 0.061.17)
Angle-resolved photoemission spectroscopy experiments
on Ba0.6K0.4Fe2As2,18) muon resonance experiments on
Ba1−xKxFe2As2,19) microwave penetration depth measure-
ments of PrFeAsO1−y,20) and NMR relaxation rate measure-
ments of LnFe1−yMyAsO1−xFx21) commonly show mostly
isotropic and nodeless superconducting energy gaps with an
s-like shape. The robustness of the superconducting transi-
tion temperature TSC for nonmagnetic impurity doping to the
system is favorable for the sign-conserving s-wave state of
s++.21–23) Taking the quadrupole fluctuations associated with
the elastic softening of C66 into account, the s++ state for
the superconducting energy gap has been theoretically de-
duced.24–26) On the other hand, neutron scattering experi-
ments on Ba(Fe0.925Co0.075)2As2 have shown a magnetic ex-
citation peak around q = (1/2, 1/2, 1), indicating a role
of the antiferro-magnetic fluctuations in the superconductiv-
ity.27) Accordingly, the sign-reversing s±-wave state has been
presented while emphasizing the spin fluctuation effects due
to the antiferro-magnetic interaction.28–30) The clarification of
the superconducting mechanism of the iron pnictides is still
an important issue in solid-state physics.
Since ultrasonic waves with frequencies as high as 100
MHz easily penetrate into metals, attenuation measurements
are useful for examining order parameter dynamics around
phase transitions in metals. There are a few reports on ul-
trasonic attenuation measurements around the structural and
superconducting transitions of the iron pnictides.31, 32) How-
ever, the attenuation of ultrasonic waves relating the elastic
constant C66 has not been reported so far to the best of our
knowledge. In the present paper, we show the critical dynam-
ics around the structural and superconducting transitions in
the iron pnictide Ba(Fe1−xCox)2As2 by means of ultrasonic
measurements.
This paper is organized as follows. In Sect. 2, the experi-
mental procedures of sample preparation and ultrasonic mea-
surements are shown. In Sect. 3, we present experimental re-
sults of the critical slowing down of order parameters around
the superconducting transition for x = 0.071 and the struc-
tural transition for x = 0.036. The critical temperatures char-
acterizing the phase diagram of the system are shown. In Sect.
4, we demonstrate the theory treating the quantum degrees
of freedom of the electric quadrupoles Ox′2−y′2 and Ox′y′ and
the angular momentum lz associated with the degenerate y′z
and zx′ orbitals and also their interactions with the transverse
acoustic phonons accompanying rotation and strain. In addi-
tion, we show plausible models of the quadrupole ordering
for the structural transition and the hexadecapole ordering for
the superconductivity in the iron pnictide Ba(Fe1−xCox)2As2.
We show that the superconducting Hamiltonian due to the
quadrupole interaction gives the superconducting ground state
bearing the hexadecapole. In Sect. 5, we present conclusions.
2. Experiments
Single crystals of Ba(Fe1−xCox)2As2 with Co concentration
x were grown by the Bridgman method. Energy-dispersive
X-ray spectrometry showed that nominal concentrations of
xnominal = 0.03, 0.07, and 0.10 corresponded to actual concen-
trations of x = 0.017, 0.036, and 0.071, respectively. A Laue
X-ray camera was used to determine the crystallographic ori-
entation of the crystals. Samples with sizes of 2.30 × 1.05 ×
0.44 mm3 for the end material x = 0, 3.11 × 5.35 × 0.77
mm3 for x = 0.017, 2.13 × 2.06 × 0.26 mm3 for x = 0.036,
and 1.52 × 2.61 × 0.83 mm3 for x = 0.071 were used. The
elastic constant C = ρM(x)v2 was calculated from the ultra-
sonic velocity v. Mass densities of ρM(x) = 6.50 g/cm3 for
x = 0, 0.017, and 0.036 and ρM(x = 0.071) = 6.51 g/cm3
were estimated using the Vegard’s law for the lattice constants
in Ba(Fe1−xCox)2As2.33) Piezoelectric ultrasonic transducers
with a 36◦ Y-cut LiNbO3 plate for the generation and detec-
tion of longitudinal waves and an X-cut plate for transverse
waves were glued on plane-parallel surfaces of the samples.
LiNbO3 plates with thicknesses of 200 and 100 µm were used
to generate ultrasonic waves with frequencies as high as 260
MHz. Because the present crystal shows a large amount of
softening with a considerably small elastic constant C66, even
a small external stress σxy might easily deform the sample
with the tetragonal lattice to an orthorhombic deformed lat-
tice with finite εxy. This unwanted lattice deformation might
easily lift the degenerate y′z and zx′ orbital states. This lifting
due to careless sample treatment would prevent accurate mea-
surements of the softening of C66 and the critical divergence
of the ultrasonic attenuation across the structural and super-
conducting transitions. In order to avoid applying undesired
stress σxy to the samples, we carefully kept each sample in
a brass disk during the ultrasonic experiments. A vector-type
detector based on the ultrasonic pulse-echo method was used
for simultaneous measurements of the attenuation coefficient
α and velocity v. A 3He cryostat (Oxford Heliox TL) was em-
ployed for the ultrasonic measurements down to 250 mK.
3. Results
3.1 Attenuation around superconducting transition for x =
0.071
In order to investigate the dynamical features of the super-
conducting transition while clearly distinguishing them from
the structural and antiferro-magnetic orderings, we focused
on the over-doped compound x = 0.071, which exhibits the
optimized superconducting transition temperature TSC = 23
K but neither a structural transition nor antiferro-magnetic
ordering. We measured the attenuation coefficient α66 using
the transverse ultrasonic waves with the propagation vector
q// [100] and polarization vector ξ// [010] with frequencies
of 119, 167, and 215 MHz. The attenuation coefficient α66 for
x = 0.071 in Fig. 1(a) increases with decreasing temperature
below 80 K in the normal phase and reveals critical diver-
gence with approaching the superconducting transition point
of TSC = 23 K. With further lowering the temperature below
TSC = 23 K, the attenuation coefficient α66 rapidly decreases.
In both the normal and superconducting phases, the frequency
dependence of the attenuation coefficient α66 obeys the ω2
law, consistent with the low-frequency regime of the Debye
formula.
The elastic constant C66 in the normal phase for x = 0.071
exhibits the softening, which is again shown in Fig. 1(a).16)
This softening is caused by the interaction of the quadrupole
Ox′2−y′2 to the strain εxy expressed as
HQS = −gx′2−y′2Ox′2−y′2εxy. (1)
2
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Fig. 1. (Color online) (a) Temperature dependence of the ultrasonic at-
tenuation coefficient α66 measured using transverse ultrasonic waves with
frequencies of 119, 167, and 215 MHz, and the elastic constant C66 in
Ba(Fe1−xCox)2As2 with x = 0.071 having the superconducting transition
temperature TSC = 23 K. The solid line is the softening of C66 in the normal
phase fit by C66 = C066
(
T − T 0s
)
/
(
T −ΘQ) with T 0s = −26.5 K and ΘQ = −47
K. (b) Temperature dependence of the relaxation time τ obtained by the at-
tenuation coefficient α66 for frequencies 119, 167, and 215 MHz. Solid lines
show fits by τ = τ0ε−zν for the reduced temperature ε =
∣∣∣T − T 0c ∣∣∣ /T 0c with
T 0c = 23 K and zν = 1. The inset in (b) shows the temperature dependence
of the relaxation rate τ−1. Solid lines in both the normal and superconducting
phases show fits by τ−1 = τ−10 ε
zν.
Here, gx′2−y′2 is the quadrupole-strain coupling constant. We
expect the Curie-type behavior of the quadrupole suscepti-
bility proportional to the reciprocal temperature as χQ =
|〈ψl|Ox′2−y′2 |ψl〉|2/T for suffixes l = y′z and zx′ of the degener-
ate orbitals. The softening of C66 in the normal phase is writ-
ten by34)
C66 = C066 −
nQg2x′2−y′2χQ
1 − g′x′2−y′2χQ
= C066
(
T − T 0s
T − ΘQ
)
. (2)
Here, C066 is the background elastic constant when softening
is absent and g′x′2−y′2 is the mutual interaction coefficient be-
tween the quadrupoles Ox′2−y′2 at different sites. The solid line
in Fig. 1(a) is the softening of C66 fit by Eq. (2) in the nor-
mal phase. We obtain negative values of the quadrupole in-
teraction energy ΘQ = −47.0 K and the critical temperature
T 0s = ΘQ + ∆Q = −26.5 K. This fitting gives the quadrupole-
strain interaction energy ∆Q = 20.5 K, which represents the
coupling energy between the quadrupoles at different sites
mediated by the strain εxy.
The negative quadrupole interaction energy ΘQ = −47.0
K indicates the antiferro-type quadrupole interaction for x =
0.071. The negative critical temperature of T 0s = −26.5 K cor-
responds to the fictitious critical temperature of the structural
instability for C66 → 0. Consequently, the superconducting
transition temperature TSC = 23 K is definitely distinguished
from the fictitious critical temperature T 0s = −26.5 K. We con-
clude that the marked increase in the attenuation coefficient
α66 for x = 0.071 in Fig. 1(a) is caused by the critical slow-
ing down of the order parameter around the superconducting
transition, which is strictly distinguished from the quadrupole
Ox′2−y′2 interacting to the strain εxy in Eq. (1).
Because two electrons are accommodated in the degener-
ate y′z and zx′ orbitals of an Fe2+ ion, we tentatively adopt
nQ = 2NFe = 3.92 × 1022 cm−3 in Eq. (2) as the maximum
number of electrons, that play a role in the softening of C66.
Here, NFe is the number of Fe2+ ions per unit volume. The
solid line in Fig. 1(a) for the softening of C66 fit by Eq. (2)
gives the quadrupole-strain coupling constant gx′2−y′2 = 1045
K per electron. This coupling constant is comparable with
the results for manganese compounds of g = 1167 K for
La0.88Sr0.12MnO3 and g = 1020 K for Pr0.65Ca0.35MnO3 with
considerably extended 3d orbitals,35, 36) but is considerably
larger than g ∼ 100 K for rare-earth compounds of the form
RB6 with well-screened 4 f orbitals in the inner shell.37)
In our attempt to clarify the order parameter dynamics
around the superconducting transition, we analyzed the fre-
quency dependence of the attenuation coefficient α66 in Fig.
1(a) in terms of the Debye formula expressed as
α66 =
C66 (∞) −C66 (0)
2ρMv66 (∞)3
ω2τ
1 + ω2τ2
. (3)
Here, C66 (∞) and C66 (0) stand for the high- and low-
frequency limits of the elastic constant C66, respectively. We
regard the elastic constant experimentally observed in Fig.
1(a) as the low-frequency limit C66 (0) in Eq. (3). The back-
ground C066 used in the analysis based on the quadrupole
susceptibility of Eq. (2) corresponds to the high-frequency
limit of the elastic constant C66 (∞) for the sound velocity
v66 (∞) =
√
C66 (∞) /ρM in Eq. (3).16) ω is the angular fre-
quency of the employed ultrasonic waves, and τ is the relax-
ation time of the order parameter fluctuation of the system.
We show the temperature dependence of the relaxation time τ
obtained by Eq. (3) in Fig. 1(b) and that of the relaxation rate
τ−1 in the inset of Fig. 1(b). The rapid increase in the relax-
ation time τ around TSC = 23 K indeed indicates the critical
slowing down of the order parameter accompanying the su-
perconducting transition in the system.
The correlation length ζ of the order parameter Q (r) for
an appropriate phase transition is widely used to describe the
correlation function as G (r) = 〈Q (r) Q (0)〉 ∝ r−(d−1)e−r/ζ .
Here, |r| = r stands for the spatial distance between the order
parameters and d denotes the dimension of the system. In the
vicinity of the critical temperature T 0c of the phase transition,
the correlation length ζ becomes infinite due to the increase
in the local order as ζ = ζ0ε−ν for a reduced temperature of
ε =
∣∣∣T − T 0c ∣∣∣/T 0c . The critical index ν = 1/2 is expected from
mean field theory.38)
When an ultrasonic pulse wave enters a crystal, the equi-
librium state of the system is instantaneously perturbed to a
nonequilibrium state. After the relaxation time τ, the system
returns to the equilibrium state. In the vicinity of the critical
3
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point, however, the relaxation time τ becomes infinite due to
the divergence of the correlation length as τ ∝ ζz for dynam-
ical critical index z. Presumably, the critical slowing down
of the relaxation time τ is explained by the critical index zν
as39–42)
τ = τ0
∣∣∣∣∣∣T − T 0cT 0c
∣∣∣∣∣∣−zν = τ0ε−zν. (4)
In mean field theory, the dynamical critical index z = 2 is
expected. Actually, the temperature dependence of the relax-
ation time τ in the normal phase of Fig. 1(b) is well repro-
duced by the solid line for the critical index zν = 1, the
critical temperature T 0+c = 23.0 K, and the attempt time
τ+0 = 6.0×10−11 s. In the superconducting phase, however, we
obtain zν = 1/3, T 0−c = 23.5 K, and τ−0 = 5.8 × 10−11 s. The
distinct deviation of the critical index of zν = 1/3 from zν = 1
of mean field theory may be caused by the inherent property
that the hexadecapole ordering appears in accordance with the
superconductivity in the present iron pnictide. The analysis of
the experimental results in Fig. 1(b) gives a ratio of the at-
tempt times of τ+0 /τ
−
0 = 1.03, which is distinguished from the
ratio of τ+0 /τ
−
0 = 2 expected from mean field theory. Because
the ultrasonic echo signal almost disappears in the vicinity of
the superconducting transition point due to the critical slow-
ing down, the absolute values of the attenuation coefficients
inevitably include experimental errors.
3.2 Attenuation around structural transition for x = 0.036
Next, we examine the critical slowing down around the
structural transition from the tetragonal to orthorhombic
phases of the under-doped compound x = 0.036. This is worth
comparing with the critical slowing down around the super-
conducting transition of the over-doped compound x = 0.071
presented in Sect. 3.1.
The temperature dependence of the elastic constants for
x = 0.036 is shown in Fig. 2. We denote the propagation
vector as q and the polarization vector as ξ for the ultra-
sonic waves measured in Fig. 2. The elastic constant C66 in
Fig. 2(e) measured by the transverse ultrasonic wave reveals
considerable softening of 85% with decreasing temperature
from 300 K down to the structural transition temperature of
Ts = 65 K. As indicated by arrows in Fig. 2(e), the antiferro-
magnetic ordering at TN = 39 K and the superconducting
transition at TSC = 16.4 K are also observed as anomalies
in C66. The softening of C66 in the tetragonal phase is repro-
duced by the solid line in Fig. 2(e), which is obtained by Eq.
(2) for the quadrupole interaction energy of ΘQ = 47 K, the
quadrupole-strain interaction energy ∆Q = 16 K, and the crit-
ical temperature of T 0s = ΘQ + ∆Q = 63 K. The background
of C066 = 2.87 × 1010 J/m3 is shown by the dashed line in Fig.
2(e). The critical temperature T 0s = 63 K is in agreement with
the experimentally observed structural transition temperature
Ts = 65 K. We deduce the quadrupole-strain coupling con-
stant to be gx′2−y′2 = 920 K per electron by adopting the elec-
tron number nQ = 2NFe in Eq. (2). The positive values of the
quadrupole interaction energyΘQ = 47 K and the critical tem-
perature T 0s = 63 K are consistent with the ferro-quadrupole
ordering Ox′2−y′2 accompanying the structural transition from
the tetragonal to orthorhombic phase.
The elastic constant CL[110] = (C11 + C12 + 2C66) /2 in Fig.
2(d) measured by a longitudinal ultrasonic wave with the
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Fig. 2. (Color online) Temperature dependence of elastic constants of
Ba(Fe1−xCox)2As2 with x = 0.036. The considerable softening of C66 in
(e) and CL[110] = (C11 + C12 + 2C66) /2 in (d) are found to be a precur-
sor of the structural transition at Ts = 65 K. Anomalies associated with the
antiferro-magnetic transition at TN = 39 K and the superconducting transi-
tion at TSC = 16.4 K are observed. The softening of C66 in (e) is reproduced
by a solid line fit by C66 = C066
(
T − T 0s
)
/
(
T − ΘQ) with T 0s = 63 K and
ΘQ = 47 K.
propagation direction q// [110] parallel to the polarization di-
rection ξ also shows marked softening with decreasing tem-
perature down to the structural transition at Ts = 65 K. With
further decreasing temperature in the distorted orthorhombic
phase, the graph of the elastic constant CL[110] slightly bend
at the antiferro-magnetic transition temperature TN = 39 K
and distinctly decreases at the superconducting transition tem-
perature TSC = 16.4 K. The longitudinal ultrasonic wave for
CL[110] induces elastic strain of εL[110] = εB/3−εu/(2√3)+εxy.
The coupling of the strain εxy to the quadrupole Ox′2−y′2 in-
duces the softening in CL[110], partly consisting of C66. The
volume strain εB = εxx + εyy + εzz and the tetragonal strain
εu =
(
2εzz − εxx − εyy)/√3 scarcely affect the softening.
We initially attempted to measure the attenuation coeffi-
cient α66 by using the pure transverse ultrasonic wave. How-
ever, the attenuation of α66 near the structural transition was
too large to measure. In the present experiments, therefore,
4
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Fig. 3. (Color online) (a) Temperature dependence of the ultrasonic atten-
uation coefficient αL[110] measured using longitudinal ultrasonic waves with
frequencies of 112, 186, and 260 MHz, and the elastic constant CL[110] =
(C11 + C12 + 2C66) /2 in Ba(Fe1−xCox)2As2 with x = 0.036. (b) Tempera-
ture dependence of the relaxation time τ obtained from the results for 112,
186, and 260 MHz ultrasonic waves. Solid lines indicate fits by τ = τ0ε−zν
for the reduced temperature ε =
∣∣∣T − T 0c ∣∣∣ /T 0c with T 0s = 65 K and the critical
index zν = 1 for both tetragonal and orthorhombic phases. The inset shows
the temperature dependence of the relaxation rate τ−1 and the solid lines are
fits by τ−1 = τ−10 ε
zν.
we used the longitudinal ultrasonic wave, which shows rela-
tively moderate damping, to measure the attenuation coeffi-
cient αL[110]. In Fig. 3(a), we show the attenuation coefficient
αL[110] for x = 0.036 acquired using longitudinal ultrasonic
waves with frequencies of 112, 186, and 260 MHz together
with the elastic constant CL[110]. The attenuation coefficient
αL[110] increases considerably with approaching the structural
transition point of Ts = 65 K from both sides. With decreas-
ing temperature in the orthorhombic phase, the attenuation
αL[110] exhibits a distinct peak at the superconducting tran-
sition point of TSC = 16.4 K. The missing ultrasonic echo
signal due to considerable damping of the longitudinal ultra-
sonic wave prevents us from acquiring αL[110] approaching
the structural transition. Nevertheless, the distinct tendency
of the divergence of αL[110] around the structural transition at
Ts = 65 K indicates the critical slowing down of the relax-
ation time τ for the order parameter fluctuation.
The frequency dependence for αL[110] for the under-doped
compound x = 0.036 in Fig. 3(a) is analyzed in terms of
the Debye formula in Eq. (3), where we read the attenuation
as αL[110] and the elastic constant as CL[110]. We depict the
temperature dependence of the relaxation time τ in Fig. 3(b)
and the relaxation rate τ−1 in the inset of Fig. 3(b). The in-
crease in the relaxation time τ around the structural transition
at Ts = 65 K is caused by the critical slowing down of the
quadrupole Ox′2−y′2 , which is the order parameter of the struc-
tural transition. The ultrasonic frequencies of ω/2pi up to 260
MHz used in the present experiments are much higher than the
relaxation rate τ−1 < 100 MHz in the vicinity of the structural
transition point Ts for the narrow reduced temperature region
of ε = |T − T 0c |/T 0c < 0.038. As a result, the ultrasonic echo
signal disappears on both sides around the structural transition
point of Ts = 65 K as depicted in Fig. 3(a). The solid lines in
Fig. 3(b) are fits for the relaxation time τ in terms of Eq. (4).
Supposing that the critical temperature T 0c = 65 K coincides
with the structural transition point and the critical indices for
both phases are consistent with zν = 1 of mean field theory,
we obtain the fit shown by the solid line in Fig. 3(b) using Eq.
(4). This gives the attempt time τ+0 = 0.380 × 10−9 s for the
tetragonal phase and τ−0 = 1.15 × 10−9 s for the orthorhombic
phase.
The quadrupole-strain interaction of Eq. (1) induces the
ferro-quadrupole ordering accompanying the structural transi-
tion. It is expected that the long-range Coulomb force between
electrons bearing the quadrupole exhibits critical phenomena
described by mean field theory. Actually, the adoption of the
critical index zν = 1 for both tetragonal and orthorhombic
phases consistent with mean field theory reproduces the ex-
perimental results in Fig. 3. The small-echo signal due to
the considerable damping of the longitudinal ultrasonic waves
gives inevitable errors in the absolute-value of the attenuation
coefficient αL[110] in Fig. 3. The dispersive scattering of the
ultrasonic wave by the domain wall due to the orthorhombic
distortion is also included in the attenuation. These ambiguity
might have resulted in the deviation of the experimentally de-
termined ratio of τ+0 /τ
−
0 = 0.33 from τ
+
0 /τ
−
0 = 2 expected from
mean field theory. The attempt time τ+0 = 0.55 × 10−9 s of the
structural transition for x = 0.036 in Fig. 3(b) is one order of
magnitude larger than the attempt time τ+0 = 6.0 × 10−11 s of
the superconducting transition for x = 0.071 in Fig. 1(b). This
notable result suggests that the order parameter showing the
critical slowing down around the superconducting transition
for x = 0.071 is distinguished from the ferro-quadrupole or-
dering accompanying the structural transition for x = 0.036.
3.3 Critical temperatures of the system
The ultrasonic measurements of the critical divergence in
the attenuation coefficients and the softening in the elastic
constants provided us with the critical temperatures, which
characterize the structural and superconducting transitions of
the present iron pnictide Ba(Fe1−xCox)2As2. In Fig. 4, we plot
the critical temperatures obtained by the experimental results
for x = 0.036 and 0.071 together with those for x = 0.017 and
the end material x = 0.43)
The softening of the elastic constant C66 analyzed by the
quadrupole susceptibility χQ in Eq. (2) for Ox′2−y′2 gives the
critical temperature T 0s = ΘQ + ∆Q corresponding to the
structural instability point as C66 → 0. As shown by blue
closed circles and the blue solid line in Fig. 4, the critical
temperature of T 0s = 135 K of the end material x = 0 de-
creases to T 0s = 100 K for x = 0.017 and T
0
s = 63 K for
x = 0.036. Beyond the QCP of xQCP = 0.061, the critical tem-
perature changes its sign to T 0s = −26.5 K for x = 0.071. The
quadrupole interaction energyΘQ shown by red closed circles
and the red solid line decreases from ΘQ = 115 K for the end
5
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Fig. 4. (Color online) Critical temperatures relating to structural (ST) and
superconducting (SC) transitions in Ba(Fe1−xCox)2As2 determined by the
present ultrasonic measurements. The quadrupole interaction (Q intr.) energy
ΘQ, quadrupole-strain interaction (Q-S intr.) energy ∆Q, and structural transi-
tion temperature T 0s = ΘQ +∆Q associated with the ferro-quadrupole ordering
are determined by the elastic constant C66 → 0. The critical temperature T 0c
is determined by the critical slowing down of the relaxation time τ→ ∞mea-
sured by the ultrasonic attenuation coefficient α. Structural transition temper-
atures Ts associated with ferro-quadrupole (FQ) ordering are indicated by
black open circles. Superconducting transition temperatures TSC associated
with ferro-hexadecapole (FH) ordering are indicated by black open squares.
Superconducting transition temperatures indicated by black open rhombuses
are results of Ni et al.11)
material x = 0 to ΘQ = 80 K for x = 0.017, ΘQ = 47 K for
x = 0.036, and changes to a negative value of ΘQ = −47 K
for x = 0.071. On the other hand, the quadrupole-strain inter-
action energy ∆Q shown by green closed circles and the green
solid line remains at the positive value ∆Q ∼ 20 K. The pos-
itive critical temperatures T 0s of the under-doped compounds
are comparable with the ferro-quadrupole ordering Ox′2−y′2 as-
sociated with the structural transition from the tetragonal to
orthorhombic phase, while the negative critical temperature
T 0s = −26.5 K for the over-doped compound x = 0.071, sug-
gesting absence of the ferro-quadrupole ordering, implies the
fictitious lattice instability point.
The infinite divergence of the relaxation time τ due to the
critical slowing down provides the critical temperature T 0c at
which the long-range ordering appears due to freezing of the
order parameter fluctuation.41, 42) In the case of the structural
transition for x = 0.036, the divergence of the relaxation time
τ gives the critical temperature of T 0c = 65 K, which coincides
with the structural transition temperature Ts = 65 K experi-
mentally observed, and is in agreement with the critical tem-
perature T 0s = ΘQ + ∆Q = 63 K obtained by fitting the elastic
softening of C66 by Eq. (2). This result confirms that the criti-
cal divergence of the ultrasonic attenuation coefficient αL[110]
for x = 0.036 is caused by the critical slowing down of the
ferro-quadrupole order parameter Ox′2−y′2 . The critical tem-
perature for T 0c = 65 K for x = 0.036 is shown in Fig. 4 by a
purple closed asterisk together with the critical temperature of
T 0s = 63 K. Note that the quadrupole-strain interaction energy
∆Q ∼ 20 K, which is almost independent of the Co concentra-
tion, also promotes the appearance of the structural transition
at the critical temperature T 0s = ΘQ + ∆Q. The quadrupole-
strain interaction energy ∆Q is shown by green closed circles
in Fig. 4.
In the case of the superconducting transition for x = 0.071,
the critical temperature T 0c = 23 K determined by the critical
slowing down of the relaxation time τ is in good agreement
with the superconducting transition temperature TSC = 23 K.
In Fig. 4, we show the former critical temperature T 0c = 23
K for the relaxation time τ by a purple closed asterisk to-
gether with the latter superconducting transition temperature
TSC = 23 K by a black open square. The critical temperature
T 0s = −26.5 K indicated by a blue filled circle corresponds to
the fictitious lattice instability point asC66 → 0. The fictitious
instability point of T 0s = −26.5 K is definitely distinguished
from the critical temperature T 0c = 23 K of the relaxation time
τ coinciding with the superconducting transition temperature
TSC. This result evidences that the order parameter exhibiting
the critical slowing down around the superconducting tran-
sition does not correspond to the electric quadrupole Ox′2−y′2
but to other quantum degrees of freedom, which interact with
the transverse ultrasonic waves used in the experiments. It
is of great importance to identify the order parameter, which
brings about the critical slowing down of the relaxation time
τ around the superconducting transition. In Sect. 4.6, we give
the electric hexadecapole carried by a two-electron state as a
plausible order parameter associated with the superconduct-
ing transition.
4. Theory
4.1 Transverse acoustic wave
The relaxation time τ determined by the ultrasonic attenu-
ation reveals the critical slowing down around the supercon-
ducting transition for the compound x = 0.071 as well as the
structural transition for x = 0.036. In our attempt to properly
explain the ultrasonic experiments, we treat the couplings be-
tween the ultrasonic waves and electrons accommodated in
the degenerate y′z and zx′ orbitals of Fe ion. We will show
plausible order parameters associated with the superconduct-
ing phase and the structurally distorted phase in the system.
The transverse ultrasonic wave with the propagation vector
q =
(
qx, 0, 0
)
and the polarization vector ξ =
(
0, ξy, 0
)
em-
ployed in the present experiments is expressed in terms of the
plane wave as
ξy = ξ
0
y exp
[
i (qxx − ωt)] . (5)
Here, ξ0y is the amplitude of the ultrasonic wave, qx is the
wavevector component, and ω is the angular frequency. The
elastic constant is determined by the sound velocity vx =
ω/qx = v66 as C66 = ρv2x. The transverse ultrasonic wave
induces the deformation tensor
∂ξy
∂x
= iqxξ0y exp
[
i (qxx − ωt)] = iqxξy. (6)
The deformation tensor of Eq. (6) associated with the trans-
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verse ultrasonic wave consists of the strain εxy expressed as
a symmetric tensor and the rotation ωxy as an antisymmetric
tensor {
εxy
ωxy
}
=
1
2
(
∂ξy
∂x
± ∂ξx
∂y
)
. (7)
In experiments using the transverse ultrasonic wave with q =
(qx, 0, 0) and ξ = (0, ξy, 0), we tune the perturbation param-
eter of δ = qxξ0y = (ω/vx)ξ
0
y = (2pi/λx)ξ
0
y to an infinitesi-
mal value by controlling the amplitude of the generated ultra-
sonic wave ξ0y and the frequency ω for a given phase veloc-
ity vx = v66. The rotation ωxy = qxξ0y = sin θ and the strain
εxy = qxξ0y = sin θ are caused by slight twisting of the x- and
y-axes by an angle of pi/2± 2θ. This will later be illustrated in
Figs. 7(a) and 7(b). The transverse ultrasonic wave simultane-
ously induces the rotationωxy and strain εxy, which are strictly
distinguished from each other from a symmetrical viewpoint.
Concerning the space group D174h of the tetragonal lattice, the
rotation ωxy is compatible with A2 symmetry, while the strain
εxy is compatible with B244) symmetry. Thus, it is expected
that the rotation ωxy and strain εxy interact with the electronic
states of the system in different manners. When the electron-
phonon interaction is absent, both the rotation ωxy and strain
εxy propagate in the lattice with the same velocity v66.
In our attempt to explain the critical divergence of the ul-
trasonic attenuation coefficients and the marked elastic soft-
ening, we suppose that the interactions of thermally excited
transverse acoustic phonons with electronic states play a role
in the appearance of the structural and superconducting tran-
sitions. In the interactions of the transverse acoustic phonons
with the electronic states of the iron pnictide, we take the
Hamiltonian for the harmonic oscillators with polarization
vectors in the xy plane as
Hph =
∑
q
[
~ωx (q)
(
a†x,qax,q +
1
2
)
+~ωy (q)
(
a†y,qay,q +
1
2
)]
. (8)
Here, ai,q and a
†
i,q respectively denote annihilation and cre-
ation operators of the transverse acoustic phonon with the
polarization direction ξi for i = x and y and momentum ~q.
~ωi (q) stands for the phonon energy. The strain εxy (r, t) and
rotation ωxy (r, t) at position r and time t are expressed in
terms of the phonon operators ai,q and a
†
i,q as
45){
εxy (r, t)
ωxy (r, t)
}
=
1
2
[
∂ξy (r, t)
∂x
± ∂ξx (r, t)
∂y
]
=
i
2
∑
q
√
~
2VρMωy (q)
qx
×
[
ay,qeiq·re−iωy(q)t − a†y,qe−iq·reiωy(q)t
]
± i
2
∑
q
√
~
2VρMωx (q)
qy
×
[
ax,qeiq·re−iωx(q)t − a†x,qe−iq·reiωx(q)t
]
. (9)
Here, ρM is the mass density and V is the volume of the sys-
tem.
4.2 Degenerate ψy′z and ψzx′ orbitals
Many reports of band-structure calculations on the iron
pnictide compounds have shown inherent 3d electronic struc-
tures favorable for the superconductivity as well as the struc-
tural transition.46–50) Three sheets of hole surfaces with a
cylinder-type structure exist around the Γ-point of the zone
center and two electron pockets exist around the X-points of
the zone boundary. We focus on the degenerate y′z and zx′
bands occupied up to half filling, which are lifted by the trans-
verse ultrasonic waves and acoustic phonons for C66 with a
small-wavenumber limit of |q| → 0.
We show the electronic states of the degenerate y′z and zx′
orbitals in the crystalline electric field (CEF) Hamiltonian on
an Fe2+ ion with D2d site symmetry, which consists of an
electric monopole, quadrupole, and hexadecapole expressed
in terms of spherical harmonics as
HCEF = A00
+ A02
(
3z2 − r2
2r2
)
+ A04
(
35z4 − 30z2r2 + 3r4
8r4
)
+ A44
 √358 x′4 − 6x′2y′2 + y′4r4
 . (10)
Here, Aml denotes CEF parameters for the electric multipole
potentials. The 3d orbitals of the Fe2+ ion in the CEF Hamil-
tonian of Eq. (10) splits into five orbital states with energy
ElCEF as
ElCEF =
∫
drψ∗l (r) HCEFψl (r) . (11)
Here, l denotes the 3d orbital suffix. The point charge model
of the CEF Hamiltonian gives the low-lying singlet states of
ψ3z2−r2 with A1 symmetry and ψx′2−y′2 with B1 symmetry and
the mid-lying doublet state of ψy′z and ψzx′ with E symmetry
and the excited singlet of ψx′y′ with B2 symmetry.43) Actually,
the band calculations show that the three hole sheets around
the Γ-point consist of the doublet state of ψy′z and ψzx′ and the
singlet state ψx′2−y′2 .
In the present investigation, we suppose that the structural
and superconducting transitions of the iron pnictide manifest
themselves as a result of the spontaneous symmetry break-
ing associated with the degenerate y′z and zx′ bands, which
are mapped on the special unitary group SU(2). In order to
explore the quadrupole-strain interaction in the iron pnictide,
we specially treat the degenerate ψy′z and ψzx′ orbitals of the
E symmetry with half filling as50, 51)
ψy′z (r) =
i√
2
fd (r)
[
Y12 (θ, ϕ) + Y
−1
2 (θ, ϕ)
]
=
√
15
4pi
fd (r)
y′z
r2
, (12)
ψzx′ (r) =
−1√
2
fd (r)
[
Y12 (θ, ϕ) − Y−12 (θ, ϕ)
]
=
√
15
4pi
fd (r)
zx′
r2
. (13)
Here, the polar coordinate (r, θ, ϕ) represents the position vec-
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tor r = (x′, y′, z) of an electron. fd (r) is the radius function of
a 3d electron, and Y±12 (θ, ϕ) is the spherical harmonics with
angular momentum l = 2 and azimuthal quantum number
m = ±1.
Since the direct product of the E doublet is reduced as
E ⊗ E = A1 ⊕ A2 ⊕ B1 ⊕ B2, we deduce that the degenerate
y′z and zx′ orbitals carry the electric quadrupoles O3z2−r2 =(
3z2− r2)/(2r2) with A1 symmetry, Ox′y′ = √3x′y′/r2 with B1
symmetry, and Ox′2−y′2 =
√
3
(
x′2 − y′2)/(2r2) with B2 symme-
try and the angular momentum lz = −i(x′∂/∂y′ − y′∂/∂x′) =
−i∂/∂ϕ with A2 symmetry. The quadrupole Ox′2−y′2 couples to
the strain εxy of the transverse ultrasonic wave of C66, while
Ox′y′ couples to the strain εx2−y2 of the transverse ultrasonic
wave of (C11 −C12) /2. The CEF Hamiltonian of Eq. (10) in-
cludes O3z2−r2 with full symmetry.
Employing the identity matrix τ0 and the Pauli matrices τx,
τy, and τz corresponding to the generator elements of the spe-
cial unitary group SU(2), we present the quadrupoles O3z2−r2 ,
Ox′2−y′2 , and Ox′y′ and the angular momentum lz in terms of
the matrices for the orbital state ψy′z of Eq. (12) and ψzx′ of
Eq. (13) as
O3z2−r2 =
1
7

ψy′z ψzx′
1 0
0 1
 = 17τ0, (14)
Ox′y′ =
√
3
7
(
0 1
1 0
)
=
√
3
7
τx, (15)
lz = −
(
0 −i
i 0
)
= −τy, (16)
Ox′2−y′2 = −
√
3
7
(
1 0
0 −1
)
= −
√
3
7
τz. (17)
The Pauli matrices τx, τy, and τz obey the commutation rela-
tion [
τi, τ j
]
= 2iεi jkτk (i, j, k = x, y, z) . (18)
Here, εi jk is the Levi−Civita symbol. As will be shown in
Sects. 4.6 and 4.10, the commutation relation among the
quadrupoles Ox′2−y′2 and Ox′y′ and the angular momentum lz
of Eq. (18) brings about quantum fluctuations, which play
a significant role in the manifestation of the specific super-
conductivity accompanying the hexadecapole ordering in the
vicinity of the QCP.
The elastic strains εΓγ induced by the thermally excited
transverse acoustic phonons or the experimentally generated
transverse ultrasonic waves perturb the CEF Hamiltonian as
HCEF
(
r, εΓγ
)
= HCEF (r) +
∑
Γγ
∂HCEF (r)
∂εΓγ
εΓγ . (19)
Because electrons accommodated in the degenerate y′z and
zx′ orbitals bear the electric quadrupoles, the second term of
Eq. (19) proportional to the strain εΓγ is expressed in terms of
the quadrupole-strain interaction as52–54)
HQS = −gx′2−y′2Ox′2−y′2εxy − gx′y′Ox′y′εx2−y2 . (20)
As the present ultrasonic experiments give a large coupling
constant of gx′2−y′2 ∼ 1 × 103 K per electron, the first term
−gx′2−y′2Ox′2−y′2εxy in Eq. (20) is important for the critical di-
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Fig. 5. (Color online) Schematic view of interactions between electric
quadrupole Ox′y′ and strain εx2−y2 with B1 symmetry in (a), Ox′2−y′2 and εxy
with B2 symmetry in (b), and electric hexadecapole Hαz ∝ ∂lz/∂t and rotation
ωxy with A2 symmetry in (c) of the space group D174h in the present iron pnic-
tide. The coordinates of x and y (x′ and y′) are adopted for the neighboring
Ba-Ba (Fe-Fe) directions.
vergence of the attenuation coefficient α66 and the softening
of the elastic constant C66 around the structural transition.
The little softening of (C11 −C12) /2 in the present experi-
ments implies that the second term −gx′y′Ox′y′εx2−y2 in Eq.
(20) scarcely affects the system. We schematically show the
quadrupole Ox′y′ conjugate with the strain εx2−y2 in Fig. 5(a)
and the quadrupole Ox′2−y′2 conjugate with εxy in Fig. 5(b).
Next, we consider the interaction of the rotation ωxy asso-
ciated with the transverse ultrasonic wave with one-electron
states having the angular momentum lz in the CEF Hamilto-
nian. The rotation operator of exp
[−ilzωxy] twists the ψy′z and
ψzx′ orbital states in the CEF Hamiltonian given by Eq. (10)
as55)〈
l
∣∣∣HCEF(ωxy)∣∣∣ l′〉 = ∫ drψ∗l (r) eilzωxyHCEFe−ilzωxyψl′ (r) .
(21)
Here, ket |l〉 = ψl (r) stands for the orbital states l = y′z of
Eq. (12) and zx′ of Eq. (13). Supposing infinitesimal rotation
of ωxy  1 associated with the ultrasound in experiments,
the rotation-operated Hamiltonian of Eq. (21) is expanded in
terms of power series up to the second order of ωxy as
eilzωxyHCEFe−ilzωxy ≈HCEF + i [lz,HCEF]ωxy
− 1
2
[
lz,
[
lz,HCEF
]] (
ωxy
)2
. (22)
Here, [A, B] = AB − BA denotes the Poisson bracket. Apply-
ing the differential operation of lz = −i (x′∂/∂y′ − y′∂/∂x′) =
−i∂/∂ϕ to the CEF Hamiltonian of Eq. (10), we obtain the
perturbation Hamiltonian as
HCEFrot
(
ωxy
)
= 4A44H
α
z ωxy − 8A44H44
(
ωxy
)2
. (23)
The first term of Eq. (23) represents the linear coupling of the
rotation ωxy to the electric hexadecapole Hαz =
√
35x′y′
(
x′2 −
y′2
)
/
(
2r4
)
with A2 symmetry of the D2d point group.56) In Fig.
5(c), we schematically show the hexadecapole Hαz carried by
the one-electron state and the rotation ωxy in the interaction
Hamiltonian HCEFrot
(
ωxy
)
of Eq. (23). The second term in Eq.
(23) is the coupling of the square of the rotation
(
ωxy
)2 to the
electric hexadecapole H44 =
√
35
(
x′4−6x′2y′2+y′4)/(8r4) with
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full symmetry. The hexadecapole H44 has already appeared in
the CEF Hamiltonian of Eq. (10).
The coefficient proportional to the rotation ωxy in Eq. (22)
is identified with the Heisenberg equation of the angular mo-
mentum lz for the CEF Hamiltonian of Eq. (10). This gives the
time derivative of the angular momentum lz, which is identical
to the torque τxy for a quantum system, as
i~
∂lz
∂t
=
[
lz,HCEF
]
= −igHHαz = iτxy. (24)
Note that the coupling parameter of gH = 4A44 in Eq. (24)
has already been given in the CEF Hamiltonian of Eq. (10).
Since the angular momentum lz is constant for the motion of
the one-electron states in the CEF Hamiltonian of Eq. (10),
lz commutes with HCEF as
[
lz,HCEF
]
= 0. Consequently, the
hexadecapole Hαz proportional to the time derivative of the
angular momentum ∂lz/∂t of Eq. (24) is expected to vanish.
This is well known as the rotational invariance for the elec-
tronic states in a central force potential such as the CEF po-
tential. The rotation invariance can be naturally understood by
the fact that the hexadecapole interaction of Eq. (22) does not
change the energy of an electron moving along the contour
line of the CEF potential.
The rotation ωxy due to a transverse ultrasonic wave should
also affect the quadrupole-strain interaction of Eq. (20) within
the bilinear coupling between the strain and rotation as
HQSrot
(
ωxy
)
= i
[
lz,HQS
]
ωxy
= 2gx′2−y′2Ox′y′εxyωxy
− 2gx′y′Ox′2−y′2εx2−y2ωxy. (25)
Here, the commutation relation among the Pauli matrices of
Eq. (18) is employed. The perturbation energies for the orbital
states l = y′z and zx′ with energy E0l due to the perturbation
Hamiltonian of Eq. (25) are written as
El
(
ωxy
)
= E0l +
〈
l
∣∣∣HQSrot (ωxy)∣∣∣ l〉
= E0l + 2gx′2−y′2
〈
l
∣∣∣Ox′y′ ∣∣∣ l〉 εxyωxy
− 2gx′y′
〈
l
∣∣∣Ox′2−y′2 ∣∣∣ l〉 εx2−y2ωxy. (26)
The null of the diagonal elements of the Pauli matrix of Ox′y′
of Eq. (15) diminishes the second term 2gx′2−y′2
〈
l
∣∣∣Ox′y′ ∣∣∣ l〉 in
the second line in Eq. (26). Although the matrix of Ox′2−y′2
of Eq. (17) possesses diagonal elements, we may ignore the
third term −2gx′y′
〈
l
∣∣∣Ox′2−y′2 ∣∣∣ l〉 in the second line in Eq. (26)
because the little softening of (C11 −C12)/2 indicates a small
quadrupole-strain coupling constant of gx′y′ << 1. Presum-
ably, the strain-rotation bilinear coupling terms of Eq. (25)
have little effect on the present system with degenerate y′z
and zx′ orbitals.
The applied magnetic field, however, breaks the rotational
invariance for the one-electron states in the CEF poten-
tial. This effect of rotation on the elastic properties in ap-
plied magnetic fields has been theoretically investigated52, 53)
and experimentally verified by ultrasonic measurements on
the antiferro-magnetic compound MnF257) and the rare-earth
compounds TmSb,58) CeAl2,59) CeB6,60) Ce0.5La0.5B6,61) and
HoVO4.55) Furthermore, the effect of rotation on the quan-
tum oscillation of elastic constants of transverse ultrasonic
waves for Fermi surfaces with an ellipsoidal shape has been
discussed.62) In Sect. 4.6, we show the coupling of the rota-
tion associated with the transverse acoustic phonons to the
hexadecapole carried by two-electron states.
4.3 Quadrupole-strain interaction
As shown in Eq. (20), the quadrupoles carried by electrons
in the CEF Hamiltonian interact to the strains of transverse
ultrasonic waves. This quadrupole-strain interaction brings
about the sizable softening of C66 and the divergence of the
attenuation coefficients α66 and αL[110] around the structural
transition. In order to properly describe the structural transi-
tion of the iron pnictide, we will consider the interaction of
the quadrupole Ox′2−y′2 (ri) of band electrons to the transverse
acoustic phonons carrying the strain εxy (ri) for the position
vector ri per electron as
HQS = −gx′2−y′2
∑
l1,l2=y′z,zx′
∑
σ=↑,↓
∫
driΨ ∗l1,σ (ri)Ox′2−y′2 (ri)
× Ψl2,σ (ri) εx′2−y′2 (ri) . (27)
The electron field operators of Ψy′z,σ (ri) and Ψzx′,σ (ri) at po-
sition ri acting on the degenerate y′z and zx′ bands with spin
orientation σ in Eq. (27) are written as?)
Ψl,σ (ri) = di,l,σψl (ri) vσ (ri) , (28)
Ψ ∗l,σ (ri) = d
†
i,l,σψ
∗
l (ri) v
∗
σ (ri) . (29)
Here, l denotes the band suffix of y′z and zx′, and vσ (ri) is the
spin function of α (ri) for up-spin σ =↑ or β (ri) for down-spin
σ =↓. The annihilation operator di,l,σ and creation operator
d†i,l,σ are expressed by Fourier transforms as below
di,l,σ =
∑
k
dk,l,σeik·ri , (30)
d†i,l,σ =
∑
k
d†k,l,σe
−ik·ri . (31)
Here, k is the wavevector of an electron. We express the
Hamiltonian HK for the electrons accommodated in the de-
generate y′z and zx′ bands, which play a significant role in the
appearance of the quadrupole ordering in the system as
HK =
∑
k
∑
σ
[
εy′z (k) d†k,y′z,σdk,y′z,σ
+εzx′ (k) d†k,zx′,σdk,zx′,σ
]
. (32)
Here, εl (k) for suffix l = y′z or zx′ is the energy from the
Fermi level.
The quadrupole-strain interaction of Eq. (27) is rewritten in
terms of Fourier transforms as
HQS = −Gx′2−y′2
∑
k,q
Ox′2−y′2,k,qεxy (q) . (33)
Here, we use the coupling constant Gx′2−y′2 =
√
3gx′2−y′2/7.
The interaction Hamiltonian of Eq. (33) means that the elec-
trons with wavevector k bearing the quadrupole Ox′2−y′2,k,q
are scattered by the strain εxy (q) of the transverse acoustic
phonons with wavevector q. The quadrupole Ox′2−y′2,k,q in Eq.
(33) is described in terms of the annihilation and creation op-
erators of Eqs. (30) and (31) as
Ox′2−y′2,k,q =
∑
σ
(
−d†k+q,y′z,σdk,y′z,σ + d†k+q,zx′,σdk,zx′,σ
)
. (34)
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Note that the quadrupole Ox′2−y′2,k,q in Eq. (34) is simply de-
scribed by the difference between the occupation numbers for
the degenerate y′z and zx′ bands at the long-wavelength limit
of |q| = 2pi/λ→ 0 of the transverse acoustic phonons carrying
the strain εxy (q) as
Ox′2−y′2,k,q=0 =
∑
σ
(
−d†k,y′z,σdk,y′z,σ + d†k,zx′,σdk,zx′,σ
)
=
∑
σ
(
−nk,y′z,σ + nk,zx′,σ
)
. (35)
In Sect. 4.6, we will use the quadrupole Ox′y′,k,q expressed as
Ox′y′,k,q =
∑
σ
(
d†k+q,y′z,σdk,zx′,σ + d
†
k+q,zx′,σdk,y′z,σ
)
. (36)
The strain εxy (q) in Eq. (33) is expressed by the annihila-
tion and creation operators of phonons defined in Eq. (8) as
εxy (q) =
i
2
√
~
2VρMωy (q)
qx
(
ay,q − a†y,−q
)
+
i
2
√
~
2VρMωx (q)
qy
(
ax,q − a†x,−q
)
. (37)
The strain εxy induced by a transverse ultrasonic wave with
frequency as low as 100 MHz is identified with εxy (q) of Eq.
(37) in the long-wavelength limit of |q| = 2pi/λ → 0 as εxy =
εxy (q = 0). In the case of the quadrupole-strain interaction of
Eq. (33) mediated by thermally excited transverse acoustic
phonons, the emission of phonons carrying the strain εxy (q)
scatters the electron state of momentum ~k to the state of ~k+
~q and the absorption of phonons scatters the electron state of
~k to the state of ~k − ~q.
The canonical transformation for the electron-phonon scat-
tering processes by the quadrupole-strain interaction HQS of
Eq. (33) provides us with the electron interaction mediated by
the transverse acoustic phonons as45)
HQQind = −
∑
k,k′,q
∑
σ,σ′
DQQy′z (k, q) d
†
k−q,y′z,σdk,y′z,σd
†
k′+q,y′z,σ′dk′,y′z,σ′
+
∑
k,k′,q
∑
σ,σ′
DQQy′z (k, q) d
†
k−q,y′z,σdk,y′z,σd
†
k′+q,zx′,σ′dk′,zx′,σ′
+
∑
k,k′,q
∑
σ,σ′
DQQzx′ (k, q) d
†
k−q,zx′,σdk,zx′,σd
†
k′+q,y′z,σ′dk′,y′z,σ′
−
∑
k,k′,q
∑
σ,σ′
DQQzx′ (k, q) d
†
k−q,zx′,σdk,zx′,σd
†
k′+q,zx′,σ′dk′,zx′,σ′ .
(38)
Here, the coupling coefficient DQQl (k, q) in Eq. (38) for l =
y′z and zx′ is given by
DQQl (k, q) = −
1
2
G2x′2−y′2
×
 ~2VρMωy (q)q2x ~ωy (q)[εl (k) − εl (k − q)]2 − ~2ωy (q)2
+
~
2VρMωx (q)
q2y ×
~ωx (q)[
εl (k) − εl (k − q)]2 − ~2ωx (q)2
 .
(39)
The four independent scattering processes involving virtually
Fig. 6. The indirect quadrupole interaction HQQind of Eq. (38) gives four scat-
tering processes between the one-electron states through the strain εxy (q) of
a transverse acoustic phonon, while indirect hexadecapole interaction HHHind
of Eq. (92) gives four scattering processes between the two-electron states
through the rotation ωxy (q) of a transverse acoustic phonon.
excited one-phonon states due to the strain εxy (q) in Eq. (33)
are schematically pictured in Fig. 6. The processes in Fig. 6(a)
indicate the scattering of the electrons accommodated in the
same band y′z and those in Fig. 6(d) indicate the scattering
in the same band zx′. The processes in Figs. 6(b) and 6(c)
indicate the scattering between two electrons in the different
bands y′z and zx′.
Supposing the identity of the energy εy′z (k) = εzx′ (k) for
electrons with a small wavevector k located near the Fermi
level, we take the indirect quadrupole interaction coefficient
DQQy′z (k, q) = D
QQ
zx′ (k, q) = D
QQ (k, q) in the tetragonal phase.
Using the quadrupole Ox′2−y′2,k,q expressed in Eq. (34), we re-
duce the quadrupole interaction Hamiltonian of Eq. (38) as
HQQind = −
∑
k,k′,q
DQQ (k, q)Ox′2−y′2,k,−qOx′2−y′2,k′,q. (40)
In order to understand the frequency dependence of the ultra-
sonic attenuation of αL[110] in Fig. 3(a), we will examine the
indirect quadrupole interaction coefficient DQQ (k, q) in Eq.
(40), which strongly depends on the magnitude of wavevec-
tors k and k′ for the interacting electrons and q for the trans-
verse acoustic phonons participating in the scattering. Tak-
ing the electron energies of εy′z (k) = εzx′ (k) = ε (k) =
~2 |k|2 /2me with effective electron mass me and transverse
acoustic phonon energies of ~ωx (q) = ~ωy (q) = ~ω (q) =
~v66|q| with ultrasonic velocity v66, we obtain the indirect
quadrupole interaction coefficient DQQ (k, q) of Eq. (40) as
DQQ (k, q) = −G2x′2−y′2
~
2VρMω (q)
q2
× ~ω (q)[
ε (k) − ε (k − q)]2 − ~2ω (q)2 . (41)
In the small-wavenumber limit of |q| → 0 for the transverse
acoustic phonons, the indirect quadrupole interaction coeffi-
cient of Eq. (41) is reduced to the simple formula
DQQ (k, q = 0) = −
G2x′2−y′2
2VρM
1(
~
me
)2 k2 − m2ev266
~2
 . (42)
10
J. Phys. Soc. Jpn. FULL PAPERS
The indirect quadrupole interaction coefficient of Eq. (42) for
electrons with a small wavenumber of −∣∣∣kQb ∣∣∣ < k < ∣∣∣kQb ∣∣∣ =
mev66/~ has a positive sign, DQQ (k, q = 0) > 0, showing the
ferro-type quadrupole interaction, while the interaction coef-
ficient for a relatively large wavenumber k >
∣∣∣kQb ∣∣∣ = mev66/~
possesses a negative sign, DQQ (k, q = 0) < 0, indicating the
antiferro-type quadrupole interaction. The ferro-type interac-
tion of DQQ (k, q = 0) > 0 brings about the ferro-quadrupole
ordering accompanying the structural transition, as actually
observed in the under-doped compound x = 0.036.
It is worth estimating the boundary wavenumber kQb =
∣∣∣kQb ∣∣∣
and the corresponding energy for the present iron pnictide.
In the compound with x = 0.036, the ultrasonic velocity
v66 = 772 m/s at 65 K in the vicinity of the structural tran-
sition (1780 m/s at 100 K far above the transition) gives the
boundary wavenumber kQb = 6.7 × 106 m−1 (15 × 106 m−1),
the boundary wavelength λQb = 0.94 × 10−6 m (0.41 × 10−6
m), and the corresponding frequency fQb = ε
(
kQb
)
/h = 0.41
GHz (2.2 GHz). Here, we take the electron rest mass as me. In
the low-energy regime below 2 GHz ≈ 100 mK, therefore, the
electrons bearing the quadrupoles Ox′2−y′2,k,−q and Ox′2−y′2,k′,q
in Eq. (40) interact with each other through the strain εxy (q)
in the manner of the ferro-type quadrupole interaction. Ac-
tually, the relaxation rate τ−1 observed around the structural
transition for x = 0.036 in Fig. 3(b) is always smaller than the
estimated crossover frequency of about 2 GHz. This implies
that the transverse acoustic waves with frequencies below 2
GHz exhibit the full extent of elastic softening and consider-
able damping in the vicinity of the structural transition point,
while the acoustic waves with frequencies higher than 2 GHz
exhibit less softening and damping. As shown in Fig. 2(e),
the ultrasonic measurements with frequencies less than 260
MHz actually exhibited the full amount of softening in C66,
while the Raman scattering measurements of the transverse
acoustic phonons with frequencies as high as 20 GHz in the
end material x = 0 exhibited only 25% of the full amount of
softening.64)
4.4 Quadrupole interaction
The electrons accommodated in the degenerate y′z and
zx′ bands carry the quadrupoles. In addition to the indirect
quadrupole interaction HQQind mediated by the strain εxy pre-
sented in Sect. 4.3, we expect direct quadrupole interactions
through the long-range Coulomb potential between electrons
at positions ri and r j, expressed as
〈
l1 σ, l2 σ′ |HCoulomb| l3 σ′, l4 σ〉
=
∑
i≤ j
"
dridr jψ∗l1
(
ri
)
v∗σ
(
ri
)
ψ∗l2
(
r j
)
v∗σ′
(
r j
)
× e
2∣∣∣ri − r j∣∣∣ψl3(r j)vσ′(r j)ψl4(ri)vσ(ri). (43)
Here, ln (n = 1, 2, 3, 4) denote suffixes of y′z and zx′ orbital
bands and vσ is the spin function in Eqs. (28) and (29). The
electric multipole expansion for the Coulomb interaction in
Eq. (43) for an isotropic space with ri < r j provides terms
consisting of the monopole, dipole, and quadrupole as56, 65)
e2∣∣∣ri − r j∣∣∣ = e
2
r j
∞∑
k=0
4pi
2k + 1
(
ri
r j
)k k∑
m=−k
Ymk
(
θi, ϕi
)
Ym∗k
(
θ j, ϕ j
)
=
e2
r j
+ e2
ri
r2j
[
xi
ri
x j
r j
+
yi
ri
y j
r j
+
zi
ri
z j
r j
]
+ e2
r2i
r3j
[
O3z2−r2
(
ri
)
O3z2−r2
(
r j
)
+ Ox′2−y′2
(
ri
)
Ox′2−y′2
(
r j
)
+ Oy′z
(
ri
)
Oy′z
(
r j
)
+ Ozx′
(
ri
)
Ozx′
(
r j
)
+Ox′y′
(
ri
)
Ox′y′
(
r j
)]
. (44)
According to the multipole expansion of Eq. (44), we identify
the electric quadrupole with the order parameter of the struc-
tural transition in the present iron pnictide. In our attempt to
clarify the spontaneous symmetry breaking of the degener-
ate y′z and zx′ orbital bands in the tetragonal lattice, we ex-
press the direct quadrupole interaction HQQC in terms of the
quadrupole Ox′2−y′2 with the B2 symmetry and Ox′y′ with B1
symmetry as
HQQC = −
∑
i≤ j
JC
(
ri − r j)
×
[
Ox′2−y′2
(
ri
)
Ox′2−y′2
(
r j
)
+ Ox′y′
(
ri
)
Ox′y′
(
r j
)]
. (45)
Here, we adopt the Coulomb interaction coefficient JC
(
ri−r j),
which depends on the relative position ri− r j. The quadrupole
interaction of O3z2−r2 with A1 symmetry is excluded because
symmetry breaking is not expected. The case of quadrupoles
Oy′z and Ozx′ being absent in the y′z and zx′ bands is beyond
the scope of this study. Note that the monopole interaction
among the electrons in Eq. (44) is effectively included in the
band model concerned and that the dipole interaction is irrel-
evant for the present lattice bearing the inversion symmetry in
the xy plane.
Using the expressions Ox′y′ =
√
3τx/7 in Eq. (15) and
Ox′2−y′2 =
√
3τz/7 in Eq. (17), we map the quadrupole in-
teraction of Eq. (45) on the ideal xz model. In the present real
system, however, the deviation of the anisotropic quadrupole
interaction from the ideal xz model is expected. From the
viewpoint of the symmetry of the tetragonal lattice, the mu-
tual quadrupole interactions of Ox′2−y′2 with B2 symmetry and
Ox′y′ with B1 symmetry may be different. Actually, it has been
reported that the mixing between the 4p states of As ions and
the 3d states of Fe ions brings about an anisotropic quadrupole
interaction.66) The quadrupoles Ox′2−y′2 at positions ri and r j
interact with each other through the strain εxy of the transverse
acoustic phonons for C66, which exhibits the large amount
of softening. The quadrupoles Ox′y′ may also interact with
each other mediated by the strain εx2−y2 of the transverse
acoustic phonons for (C11 − C12)/2, which monotonically in-
creases. The former quadrupole interaction of Ox′2−y′2 plays
a significant role in the structural transition, while the latter
quadrupole interaction of Ox′y′ has a minor effect on the phase
transition. Consequently, the indirect quadrupole interaction
mediated by the transverse acoustic phonons also indicates
the anisotropic nature of the quadrupole interaction.
Combining the direct quadrupole interaction HQQC of Eq.
(45) followed by the Coulomb potential and the indirect
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quadrupole interaction HQQind of Eq. (40) mediated by the
strain εxy of the transverse acoustic phonons, we obtain the
anisotropic quadrupole interaction HQQ specified by parame-
ter γ as
HQQ
(
γ
)
= −
∑
i≤ j
JQ
(
ri − r j)
×
[
Ox′2−y′2
(
ri
)
Ox′2−y′2
(
r j
)
+ γOx′y′
(
ri
)
Ox′y′
(
r j
)]
. (46)
The quadrupole interaction coefficient JQ
(
ri − r j) in Eq. (46)
is written as the sum of the Coulomb interaction coefficient
JC
(
ri− r j) in the direct interaction of Eq. (45) and the indirect
quadrupole interaction coefficient DQQ
(
ri − r j) mediated by
the strain εxy of the transverse acoustic phonons in Eq. (41).
JQ
(
ri − r j) = JC(ri − r j) + DQQ(ri − r j). (47)
The quadrupole interaction coefficient JQ
(
ri − r j) and the
anisotropic parameter γ in Eq. (46) play a substantial role
in the appearance of the ferro-quadrupole ordering associated
with the structural transition and the hexadecapole ordering
associated with the superconducting transition.
4.5 Quadrupole ordering
In order to explain the elastic softening of C66 and critical
slowing down of the relaxation time τ around the structural
transition in the iron pnictide, we consider the quadrupole in-
teraction Hamiltonian HQQ(γ) of Eq. (46) for the case of γ = 0
mapped on the Ising model. A transverse ultrasonic wave
with a small-wavenumber limit of |q| → 0 induces the strain
εxy = εxy (q = 0), which is treated as a classical quantity. Ac-
cording to the quadrupole-strain interaction of Eq. (33), the
strain εxy generated by the ultrasonic wave lifts the degener-
ate y′z and zx′ bands, as schematically shown in Fig. 7(a).
This ultrasonic perturbation gives a quadrupole susceptibility
proportional to the reciprocal temperature as
χQ =
NQG2x′2−y′2/C
0
66
T
=
∆Q
T
. (48)
Here, NQ is the number of electrons carrying the ferro-type
quadrupole interaction in the small-wavenumber regime of
−kQb < k < kQb for the boundary wavenumber kQb as dis-
cussed for Eq. (42). The quadrupole-strain interaction energy
of ∆Q = NQG2x′2−y′2/C
0
66 in Eq. (48) is determined in terms of
DQQ (k, q) of Eq. (42) for the small-wavenumber regime of
|q| → 0 as
∆Q
2VNQ
C066
ρMv266
=
G2x′2−y′2
2VρMv266
=
1
NQ
∑
|k|<kQb
DQQ (k, q = 0)
= D˜QQ. (49)
Here,
∑
|k|<kQb means the sum over the electron states with
wavenumber |k| < kQb , that participate in the ferro-type
quadrupole interaction. D˜QQ in Eq. (49) stands for the effec-
tive indirect quadrupole interaction of Eq. (41). As shown in
Fig. 4, the ultrasonic experiments give a quadrupole-strain in-
Fig. 7. (Color online) (a) Energy splitting of the degenerate y′z and zx′
bands by the quadrupole-strain interaction HQS of Eq. (33). (b) Energy split-
ting of the two-electron states ψ±
(
ri, r j
)
of Eq. (76) by the hexadecapole-
rotation interaction Hrot
(
ωxy
)
of Eq. (81). The transverse ultrasonic wave with
amplitude ξ0y and frequency ω induces infinitesimal strain εxy = sin θ and ro-
tation ωxy = sin θ with sin θ = qxξ0y = (ω/vx) ξ
0
y = (2pi/λx) ξ
0
y for a given
phase velocity vx = v66.
teraction energy of ∆Q ∼ 20 K that is almost independent
of the Co concentration x. The indirect quadrupole interac-
tion energy DQQ in Eq. (49) is enhanced by the softening of
ρMv266 = C66 due to the quadrupole-strain interaction of Eq.
(33).
The softening of C66 as a precursor of the structural transi-
tion is expressed as
C66 = C066
(
1 − χ˜Q) = C066 ( T − T 0sT − ΘQ
)
= C066
(
1 − ∆Q
T − ΘQ
)
. (50)
Here, we adopt the renormalized susceptibility χ˜Q expressed
by the quadrupole interaction energy ΘQ and the quadrupole-
strain interaction energy ∆Q as
χ˜Q =
∆Q
T − ΘQ . (51)
The elastic instability point due to the full softening C66 → 0
gives the structural transition temperature as T 0s = ΘQ + ∆Q.
This has already been used in Eq. (2) for the analysis of the
experimentally observed softening of C66.
By using the mean field approximation, we obtain the fol-
lowing self-consistent equation giving the temperature depen-
dence of the quadrupole order parameter Ox′2−y′2 :〈
Ox′2−y′2
〉
= tanh
[
J˜Q
〈
Ox′2−y′2
〉
/kBT
]
. (52)
Here, 〈A〉 stands for the thermal average. We use the ef-
fective coupling constant J˜Q, which is the average of the
Fourier transformed quadrupole interaction of JQ
(
ri − r j) =
12
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JC
(
ri − r j) + DQQ(ri − r j) in Eq. (47) over the electron states
with wavenumber |k| < kQb . J˜Q is expressed as
J˜Q = J˜C + D˜QQ
=
1
NQ
∑
|k|<kQb
JC
(
k, q = 0
)
+
1
NQ
∑
|k|<kQb
DQQ
(
k, q = 0
)
. (53)
Here, J˜C is the effective energy of the direct Coulomb inter-
action of Eq. (45). D˜QQ is the effective indirect quadrupole
interaction coefficient in Eq. (49). We suppose that the ferro-
quadrupole ordering is caused by the quadrupole interaction
with the positive coupling constant J˜Q > 0. We expect there to
be a non vanishing solution 〈Ox′2−y′2〉 , 0 at low temperatures
below the ferro-quadrupole ordering point of Tc = J˜Q/kB.
The elastic instability due to the full softening C66 → 0
brings about spontaneous lattice distortion accompanying the
ferro-quadrupole ordering as
〈
εxy
〉
=
NQGx′2−y′2
〈
Ox′2−y′2
〉
C66
=
√
NQ∆Q
C66
〈
Ox′2−y′2
〉
. (54)
Here, we use the relation between the coupling constant
Gx′2−y′2 and the quadrupole-strain interaction energy ∆Q of
Gx′2−y′2 =
√
∆QC066/NQ. The ferro-quadrupole ordering of〈
Ox′2−y′2
〉
, 0 associated with the spontaneous strain of〈
εxy
〉
, 0 in Eq. (54) is caused by the structural transi-
tion from the tetragonal phase with the high-symmetry space
group D174h to the orthorhombic phase with the low-symmetry
space group D232h. The generators of the symmorphic space
group D174h consist of the rotation, reflection, and inversion op-
erations but do not involve the screw and glide operations. The
quenching of the B2g symmetry in the mother phase of D174h as-
sociated with the ferro-quadrupole ordering of 〈Ox′2−y′2〉 , 0
and the spontaneous strain 〈εxy〉 , 0 across the structural
transition loses the symmetry operations, which consist of ro-
tation through ±pi/2 about the vertical axis of C4, rotations
through pi about the horizontal x- and y-axes of 2C′2, rotation
through ±pi/2 about the vertical axis followed by inversion of
2IC4, and mirror reflection in the vertical plane of 2σv.51, 67)
Note that the ferro-type quadrupole ordering denoted in the
present paper has been frequently referred to as cooperative
Jahn-Teller effects,68) orbital orderings, or electronic nematic
orders.69–79)
The neutron scattering experiments on the end material
BaFe2As2 have shown a spontaneous strain
〈
εxy
〉
of 5.08 ×
10−3 at 5 K in the distorted orthorhombic phase,10) where the
order parameter is fully polarized as
〈
Ox′2−y′2
〉
= 1. Adopt-
ing the quadrupole-strain interaction energy ∆Q = 21 K and
the elastic constant C066 = 3.19 × 1010 J/m3 of BaFe2As2,43)
we estimate the number of 3d electrons NQ in Eq. (54) to be
2.84 × 1021 cm−3, which is approximately one-fourteenth of
the total number of electrons of 2NFe = 3.92 × 1022 cm−3.
Furthermore, we deduce the coupling energy Gx′2−y′2 to be
∼ 4 × 103 K per electron, which is four times larger than the
tentatively estimated Gx′2−y′2 of ∼ 1 × 103 K for the localized
electron picture in Sect. 3.1. The large quadrupole-strain cou-
pling energy of Gx′2−y′2 ∼ 4×103 K is caused by the enhanced
quadrupole due to the extended orbital radius compatible with
the itinerant feature of the 3d electron bands. Taking the num-
ber of 3d electrons NQ = 2.84 × 1021 cm−3 into account, we
may roughly estimate the indirect quadrupole interaction en-
ergy in BaFe2As2 as DQQ ∼ 220 K at T = Ts = 135 K for
∆Q = 21 K, C066 = 3.19 × 1010 J/m3, and C66 = ρMv266 =
0.281×1010 J/m3. This value is comparable with the structural
transition temperature Ts of the under-doped compounds. It is
worth referring to the extremely enhanced quadrupole-strain
interaction energy of 2.8 × 105 K for the vacancy orbital of
a silicon wafer with a large orbital radius, which was veri-
fied by means of bulk ultrasonic waves and surface acoustic
waves.80, 81)
The divergence of the relaxation time τ observed via the
ultrasonic attenuation coefficient α66 for x = 0.036 in Fig.
3(b) is expressed in terms of the critical slowing down due
to freezing of the ferro-quadrupole order parameter Ox′2−y′2 at
the structural transition temperature T 0s  T
0
c = 65 K. The
relaxation time τQ is written as
τQ = τ0
∣∣∣∣∣∣T − T 0cT 0c
∣∣∣∣∣∣−1 ∝ 11 − χ˜Q . (55)
This expression for τQ based on the degenerate y′z and zx′
bands well reproduces the experimental results analyzed in
terms of Eq. (4) for the critical index zν = 1 for both tetrago-
nal and orthorhombic phases. The critical slowing down of the
quadrupole Ox′2−y′2 in the present iron pnictide agrees with the
critical dynamics of the kinetic Ising model.39) According to
the dissipation fluctuation theorem, the critical slowing down
of the relaxation time τQ is expressed by the divergence of
the susceptibility for the order parameter of the quadrupole
Ox′2−y′2 due to the infinite increase in the correlation length ζ
in the vicinity of the structural transition. By analogy with the
ferro-magnetic spin system,40, 42) the development of the cor-
relation function of 〈Ox′2−y′2 (k, t)Ox′2−y′2 (−k, 0)〉 obeying the
time decay factor of exp[−t/τQ(k)] should cause the relax-
ation time τQ(k) to diverge at the ferro-type ordering point.
Knowledge of the diffusion coefficient is necessary for the nu-
merical estimation of τ0 in Eq. (55).
4.6 Hexadecapole-rotation interaction of two-electron
states
In the over-doped compound x = 0.071 exhibiting super-
conductivity, the antiferro-type quadrupole interaction with
the negative quadrupole interaction energy ΘQ = −47 K
is verified by analysis of the softening of C66 in the nor-
mal phase. The softening of C66 tends to zero at the ficti-
tious structural instability point at the negative temperature
T 0s = −26.5 K. This means that the critical slowing down of
the relaxation time τ around the superconducting transition
at T 0c = TSC = 23 K in Fig. 1(b) is caused by an appropri-
ate order parameter, which is strictly distinguished from the
quadrupole. In the present section, we introduce two-electron
states bound by the quadrupole interaction and consider the
coupling of the hexadecapole carried by two-electron states
to the rotation ωxy of transverse ultrasonic waves.
Taking the Pauli exclusion principle into account, we ex-
press the energy of the anisotropic quadrupole interaction of
Eq. (46) by using the two-electron state ψS ,S z
Γγ
(
ri, r j
)
of the
Slater determinant with the irreducible representation Γγ of
the orbital part, and the spin state denoted by the total spin S
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and z component S z as
EΓγ ,S ,S zQQ =
〈
Γγ S S z|HQQ(γ)|Γγ S S z〉
=
"
dridr jψ
S ,S z∗
Γγ
(
ri, r j
)
HQQ
(
γ
)
ψ
S ,S z
Γγ
(
ri, r j
)
. (56)
From the viewpoint of symmetry for the orbital state, the di-
rect product of the E-doublet in the point group symmetry D2d
reduces as E ⊗ E = A1 ⊕ A2 ⊕ B1 ⊕ B2. Thus, the symmetric
A1, B1, and B2 orbital states exist upon exchanging ri for r j as
well as the antisymmetric A2 state. Furthermore, there are two
kinds of spin states consisting of a spin singlet of total spin
S = 0 that is symmetric upon exchanging ri for r j and the an-
tisymmetric spin triplet with S = 1. Consequently, we deduce
the two-electron state of ψS ,S z
Γγ
(
ri, r j
)
in Eq. (56), which is de-
noted by the orbital state of the symmetry Γγ = A1, B2, and
B1 with the spin singlet of S = 0 and the orbital state of the
A2 symmetry with the spin triplet of S = 1 for S z = 1, 0, and
−1. As a result, we obtain the Slater determinant in terms of
the one-electron orbital states of ψy′z
(
ri
)
and ψzx′
(
ri
)
and the
spin states of α(ri) and β(ri) as
ψ
S=0,S z=0
Γγ=A1
(
ri, r j
)
=
1√
2
[
ψy′z
(
ri
)
ψy′z
(
r j
)
+ ψzx′
(
ri
)
ψzx′
(
r j
)]
× 1√
2
[
α
(
ri
)
β
(
r j
) − β(ri)α(r j)] , (57)
ψ0,0B2
(
ri, r j
)
=
1√
2
[
ψy′z
(
ri
)
ψy′z
(
r j
) − ψzx′(ri)ψzx′(r j)]
× 1√
2
[
α
(
ri
)
β
(
r j
) − β(ri)α(r j)] , (58)
ψ0,0B1
(
ri, r j
)
=
1√
2
[
ψy′z
(
ri
)
ψzx′
(
r j
)
+ ψzx′
(
ri
)
ψy′z
(
r j
)]
× 1√
2
[
α
(
ri
)
β
(
r j
) − β(ri)α(r j)] , (59)
ψ1,1A2
(
ri, r j
)
=
1√
2
[
ψy′z
(
ri
)
ψzx′
(
r j
) − ψzx′(ri)ψy′z(r j)]
× α(ri)α(r j), (60)
ψ1,0A2
(
ri, r j
)
=
1√
2
[
ψy′z
(
ri
)
ψzx′
(
r j
) − ψzx′(ri)ψy′z(r j)]
× 1√
2
[
α
(
ri
)
β
(
r j
)
+ β
(
ri
)
α
(
r j
)]
, (61)
ψ1,−1A2
(
ri, r j
)
=
1√
2
[
ψy′z
(
ri
)
ψzx′
(
r j
) − ψzx′(ri)ψy′z(r j)]
× β(ri)β(r j). (62)
In order to properly describe the energy of the anisotropic
quadrupole interaction of Eq. (56), we calculate the
quadrupole interaction energy of the Hamiltonian HQQ
(
γ
)
of
Eq. (46) in terms of the matrix representation for the two-
electron states ψS ,S z
Γγ
(
ri, r j
)
of Eqs. (57)-(62).
HQQ
(
γ
)
= −
∑
i≤ j
Ji jQ
×

ψ0,0A1 ψ
0,0
B2
ψ0,0B1 ψ
1,1
A2
ψ1,0A2 ψ
1,−1
A2
1 + γ 0 0 0 0 0
0 1 − γ 0 0 0 0
0 0 −1 + γ 0 0 0
0 0 0 −1 − γ 0 0
0 0 0 0 −1 − γ 0
0 0 0 0 0 −1 − γ

.
(63)
Here, the quadrupole interaction energy of Ji jQ between elec-
trons at positions ri and r j is calculated in terms of the radius
function fd
(
r
)
for the 3d electron in Eqs. (12) and (13) as
Ji jQ =
 √37
2" dridr jJQ(ri − r j)r2i fd(ri)2r2j fd(r j)2
=
3
49
"
drdr′JQ
(
r − Ri − r′ + R j)|r − Ri|2 fd(|r − Ri|)2
× |r′ − R j|2 fd(|r′ − R j|)2. (64)
In the integral in the lower line in Eq. (64), we take coordi-
nates r and r′ instead of ri = r − Ri and r j = r′ − R j for
the positions Ri and R j of Fe2+ ion, respectively. The intra-
atomic quadrupole interaction of Ji jQ for the electrons accom-
modated in the orbital at the same Fe2+ ion, i. e., Ri = R j,
is much stronger than the inter-atomic quadrupole interaction
for electrons located at different Fe2+ ions, i. e., Ri , R j. It is
expected that the intra-atomic quadrupole interaction Ji= jQ for
Ri = R j, which is mostly independent of the lattice structure,
will show isotropic azimuth angle dependence. This almost
isotropic feature of the quadrupole interaction of Ji jQ domi-
nated by the intra-atomic coupling favors the s-like supercon-
ducting energy gap of the present iron pnictide. This will be
discussed in Sect. 4.9.
Ultrasonic measurements under pulsed magnetic fields of
up to 62 T reveal increases of 7.4% for the softened C66 at
84 K in the tetragonal phase of x = 0.036 and 3.3% for the
softenedC66 at 30 K in the normal phase of x = 0.071.82) Tak-
ing into account the robustness of the softening of C66 against
magnetic fields in the normal phase above the structural and
superconducting transition temperatures, we adopt the two-
electron states of the Slater determinant with the spin-singlet
states of Eqs. (57)-(59), but disregard those with the spin-
triplet states of Eqs. (60)-(62). We abbreviate the two-electron
state with the spin singlet of ψ0,0
Γγ
(
ri, r j
)
in Eqs. (57)-(59) to
ψΓγ
(
ri, r j
)
in the following discussion.
In the case of the highly anisotropic quadrupole interac-
tion with γ = 0, the quadrupole interaction energies of the
ψA1
(
ri, r j
)
and ψB2
(
ri, r j
)
states in Eq. (63) causes the degen-
eration of each other and the energy of the ψB1
(
ri, r j
)
state
deviates from them. This highly anisotropic case of γ ≈ 0 in
Eq. (46) leads to the ferro-quadrupole ordering of Ox′2−y′2 ac-
companying the structural transition. With increasing the Co
concentration x to the QCP of xQCP = 0.061, the quadrupole
interaction of Eq. (46) develops an almost isotropic feature
with γ <∼ 1, where the energies of the ψB2
(
ri, r j
)
and ψB1
(
ri, r j
)
states get closer to each other and the energy of the ψA1
(
ri, r j
)
state is different. Since the quadrupoles Ox′2−y′2 of Eq. (17)
and Ox′y′ of Eq. (15) and the angular momentum lz of Eq.
14
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(16) obey the commutation relation of Eq. (18) among the
Pauli matrices, we expect quantum fluctuation between the
quadrupoles Ox′2−y′2 and Ox′y′ in the vicinity of the QCP,
which is particularly important for explaining the supercon-
ductivity accompanying the hexadecapole ordering. The spe-
cial case of γ = 1 mapped on the ideal xz model leads to
the fully degenerate ψB2
(
ri, r j
)
and ψB1
(
ri, r j
)
states, which
causes the disappearance of the hexadecapole. This is incon-
sistent with the experimental observation of the critical slow-
ing down around the superconducting transition temperature.
When the rotationωxy is induced by either the thermally ex-
cited transverse acoustic phonons or the experimentally gen-
erated transverse ultrasonic waves, the phases of the two-
electron state of ψΓγ
(
ri, r j
)
at positions ri and r j in Eq. (56)
bound by the quadrupole interaction of Eq. (46) are simulta-
neously changed by the rotation operator as follows:
ψΓγ
(
ri, r j
)→ exp [−ilz(ri)ωxy] exp [−ilz(r j)ωxy]
× ψΓγ
(
ri, r j
)
. (65)
Thus, an infinitesimal amount of rotation ωxy perturbs the
quadrupole interaction Hamiltonian of Eq. (46) as〈
Γγ
∣∣∣HQQ(ωxy)∣∣∣ Γγ′〉
=
"
dridr jψ∗Γγ
(
ri, r j
)
exp
{
i
[
lz
(
ri
)
+ lz
(
r j
)]
ωxy
}
× HQQ(γ) exp {−i [lz(ri) + lz(r j)]ωxy}ψΓγ′ (ri, r j)
≈
"
dridr jψ∗Γγ
(
ri, r j
)
HQQ
(
γ
)
ψΓγ′
(
ri, r j
)
+
"
dridr jψ∗Γγ
(
ri, r j
)
i
[
lz
(
ri
)
+ lz
(
r j
)
,HQQ
(
γ
)]
× ψΓγ′
(
ri, r j
)
ωxy
+
"
dridr jψ∗Γγ
(
ri, r j
)
×
(
−1
2
) [
lz
(
ri
)
+ lz
(
r j
)
,
[
lz
(
ri
)
+ lz
(
r j
)
,HQQ
(
γ
)]]
× ψΓγ′
(
ri, r j
)(
ωxy
)2
. (66)
Using the commutation relation of Eq. (18) for the Pauli
matrices, we reduce the perturbation Hamiltonian Hrot
(
ωxy
)
which depends on the rotation ωxy as follows:
Hrot
(
ωxy
)
= 2
(
1 − γ)∑
i≤ j
JQ
(
ri − r j)
×
[
Ox′y′
(
ri
)
Ox′2−y′2
(
r j
)
+ Ox′2−y′2
(
ri
)
Ox′y′
(
r j
)]
ωxy
+ 4
(
1 − γ)∑
i≤ j
JQ
(
ri − r j)
×
[
Ox′2−y′2
(
ri
)
Ox′2−y′2
(
r j
) − Ox′y′(ri)Ox′y′(r j)] (ωxy)2.
(67)
From the first term in Eq. (67), which linearly depends on the
rotation ωxy, we identify the electric hexadecapole as
Hαz
(
ri, r j
)
= Ox′y′
(
ri
)
Ox′2−y′2
(
r j
)
+ Ox′2−y′2
(
ri
)
Ox′y′
(
r j
)
. (68)
The hexadecapole Hαz
(
ri, r j
)
of Eq. (68) is invariant upon
the exchange of positions ri and r j but is antisymmetric
upon the exchange of coordinates x′ and y′. In Fig. 5(c), we
schematically show the interaction between the hexadecapole
Hαz
(
ri, r j
)
of Eq. (68) carried by the two-electron states and
the rotation ωxy of the transverse acoustic phonons. The hex-
adecapole Hαz
(
ri, r j
)
operates on the two-electron state that is
bound by the quadrupole interaction of Eq. (46), while the
hexadecapole Hαz
(
r′
)
in Eq. (23) acts on the one-electron state
that is trapped in the CEF Hamiltonian of the central force.
Note that the hexadecapole Hαz
(
ri, r j
)
and rotation ωxy com-
monly belong to the A2 symmetry of the point group sym-
metry D2d. The coefficient of the second term proportional
to
(
ωxy
)2 in Eq. (67) represents the energy modulation of the
anisotropic quadrupole interaction.
Comparing the term proportional to the rotation ωxy in the
expressions of Eq. (66) with that in Eq. (67), we write the
Heisenberg equation of the time derivative for the total angu-
lar momentum lz
(
ri, r j
)
= lz
(
ri
)
+ lz
(
r j
)
which is proportional
to the hexadecapole Hαz
(
ri, r j
)
as follows:
i~
∂
∂t
lz
(
ri, r j
)
=
[
lz
(
ri, r j
)
,HQQ
(
γ
)]
= −2i(1 − γ)JQ(ri − r j)Hαz (ri, r j). (69)
Furthermore, the time derivative of the angular momentum
in Eq. (69) is identified with the torque τxy
(
ri, r j
)
for the two-
electron state bound by the anisotropic quadrupole interaction
of Eq. (46) as
~
∂
∂t
lz
(
ri, r j
)
= τxy
(
ri, r j
)
. (70)
Note that the torque τxy
(
ri, r j
)
in Eq. (70) vanishes for the
special case of the ideal isotropic quadrupole interaction with
γ = 1 of Eq. (46) identified with the ideal xz model. The
hexadecapole Hαz
(
ri, r j
)
proportional to the time derivative of
the angular momentum in Eq. (69) conserves the time-reversal
symmetry, while the angular momentum lz
(
ri, r j
)
itself breaks
the time-reversal symmetry.
The hexadecapole-rotation interaction linearly coupled to
the rotation ωxy in Eq. (67) has the following matrix elements
for the two-electron states of ψΓγ
(
ri, r j
)
:〈
Γγ
∣∣∣H0rot(ωxy)∣∣∣ Γγ′〉
= 2(1 − γ)
∑
i≤ j
"
dridr jψ∗Γγ
(
ri, r j
)
JQ
(
ri − r j)Hαz (ri, r j)
× ψΓγ′
(
ri, r j
)
ωxy
= 2(1 − γ)
∑
i≤ j
"
drdr′ψ∗Γγ
(
r − Ri, r′ − R j)
× JQ(ri − Ri − r j + R j)Hαz (r − Ri, r′ − R j)
× ψΓγ′
(
r − Ri, r′ − R j)ωxy. (71)
In the integral of Eq. (71), we respectively take coordinates r
and r′ instead of ri = r− Ri and r j = r′ − R j for the positions
Ri and R j of Fe2+ ions. As mentioned for Eq. (64), the intra-
atomic quadrupole interaction between electrons accommo-
dated in the same Fe2+ ion with Ri = R j is dominant over the
inter-atomic quadrupole interaction with Ri , R j. The hex-
adecapole formed by the intra-atomic quadrupole interaction
15
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plays an important role in the appearance of the hexadecapole
ordering in the superconducting state.
Among the two-electron states listed in Eqs. (57)-(62),
we take the spin-singlet states consisting of the two-electron
states ψ0,0
Γγ
(
ri, r j
)
= ψΓγ
(
ri, r j
)
for the orbital symmetries of
Γγ = A1, B2, and B1 compatible with the magnetic robust-
ness of the present system, while we disregard the spin-triplet
state of ψS=1, S zA2
(
ri, r j
)
with S z = 1, 0, and −1. We deduce
the hexadecapole-rotation interaction of Eq. (71) for the spin-
singlet states as
H0rot
(
ωxy
)
= −4(1 − γ)∑
i≤ j
Ji jQ

ψA1 ψB2 ψB1
0 0 0
0 0 1
0 1 0
ωxy. (72)
Here, the matrix elements
〈
Γγ|H0rot
(
ωxy
)|Γγ′〉 in Eq. (72) for
the two-electron state ψΓγ
(
ri, r j
)
with the symmetries of Γγ =
A1, B2, and B1 and the spin singlet of S = 0 of Eqs. (57)-(59)
are calculated. The hexadecapole Hαz
(
ri, r j
)
with the A2 sym-
metry possesses the off-diagonal elements between the two-
electron states ψB2
(
ri, r j
)
and ψB1
(
ri, r j
)
, but these matrix ele-
ments vanish for the state ψA1
(
ri, r j
)
. This is confirmed by the
symmetry property of B2 ⊗ B1 = A2.
We have particular interest in the interplay of the rota-
tion ωxy with the appearance of the hexadecapole ordering
and the superconductivity. Employing the unitary transforma-
tion for Eq. (72), we obtain the diagonal representation of the
hexadecapole-rotation interaction as
Hrot
(
ωxy
)
= −4 (1 − γ)
∑
i≤ j
Ji jQ

ψ+ ψ−
1 0
0 −1
ωxy. (73)
Here, we adopt the wave function ψh
(
ri, r j
)
with h = ± for the
two-electron states as
ψ±
(
ri, r j
)
=
1√
2
[
ψB2
(
ri, r j
) ± ψB1(ri, r j)]
=
1√
2
[
ψy′z
(
ri
) ± ψzx′(ri)√
2
ψy′z
(
r j
)
±ψy′z
(
ri
) ∓ ψzx′(ri)√
2
ψzx′
(
r j
)]
× 1√
2
[
α
(
ri
)
β
(
r j
) − β(ri)α(r j)] . (74)
By analogy with the Zeeman term for the magnetic dipole
moments in a magnetic field, we identify the wave func-
tion ψ+
(
ri, r j
)
with the eigenstate for the hexadecapole cor-
responding to the right-hand rotation of h = + and the
wave function ψ−
(
ri, r j
)
with eigenstate for the hexadecapole
corresponding to the left-hand rotation of h = −. The
hexadecapole-rotation interaction of Eq. (73) indicates that
the rotation ωxy acts as a symmetry-breaking field on the
hexadecapole carried by the two-electron states ψ+
(
ri, r j
)
and
ψ−
(
ri, r j
)
of Eq. (74).
In order to properly describe the hexadecapole ordering, it
is convenient to use the one-electron states λ± (ri) described in
terms of the spherical harmonics of Yml (θi, ϕi) with the orbital
quantum number l = 2 and the azimuthal quantum number
m = ±1 and the radial part of fd (ri) as
λ± (ri) = fd (ri)Y±12 (θi, ϕi)
= − 1√
2
[
iψy′z (ri) ± ψzx′ (ri)
]
. (75)
We rewrite the two-electron states ψ±
(
ri, r j
)
of Eq. (74) in
terms of the one-electron wave function λ± (ri) of Eq. (75) as
ψ±
(
ri, r j
)
=
1√
2
[
e∓i
3pi
4 λ+1
(
ri
)
λ+1
(
r j
)
+ e±i
3pi
4 λ−1
(
ri
)
λ−1
(
r j
)]
× 1√
2
[
α
(
ri
)
β
(
r j
) − β(ri)α(r j)] . (76)
Note that the eigenstates of ψ±
(
ri, r j
)
of Eq. (76) consist of
the two-electron states of λ+1
(
ri
)
λ+1
(
r j
)
and λ−1
(
ri
)
λ−1
(
r j
)
,
which are superposed on each other while maintaining an or-
thogonal relation with a phase difference of ±3pi/2.
Taking the spin-singlet state in Eq. (76) into account, we
introduce annihilation operators of Bi, j,±,σ,σ and creation op-
erators of B†i, j,±,σ,σ for the two-electron eigenstates ψ±
(
ri, r j
)
of the hexadecapole as
Bi, j,±,σ,σ =
1√
2
(
e∓i
3pi
4 l j,+1,σli,+1,σ + e±i
3pi
4 l j,−1,σli,−1,σ
)
, (77)
B†i, j,±,σ,σ =
1√
2
(
e±i
3pi
4 l†i,+1,σl
†
j,+1,σ + e
∓i 3pi4 l†i,−1,σl
†
j,−1,σ
)
. (78)
Here, we use annihilation operators li,±1,σ and creation oper-
ators l†i,±1,σ for the one-electron eigenstates λ±1 (ri) vσ (ri) of
Eq. (75), which obey the following anticommutation relation
for fermions:{
li,m,σ, l
†
j,m′,σ′
}
= δi, jδm,m′δσ,σ′
(
m,m′ = ±1, σ, σ′ =↑ or ↓) .
(79)
These electron operators are written in terms of di,l,σ and d
†
i,l,σ
of Eqs. (30) and (31) as
li,±1,σ = − 1√
2
(
idi,y′z,σ ± di,zx′,σ
)
. (80)
By using the two-electron operators of Bi, j,±,σ,σ of Eq. (77)
and B†i, j,±,σ,σ of Eq. (78), we rewrite the hexadecapole-rotation
interaction Hrot
(
ωxy
)
of Eq. (73) as
Hrot
(
ωxy
)
= −4 (1 − γ)
∑
i≤ j
Ji jQH
α
z,i, jωxy. (81)
Here, we describe the hexadecapole operator Hαz,i, j in terms
of the difference between the occupation numbers Ni, j,+,σ,σ =
B†i, j,+,σ,σBi, j,+,σ,σ of the two-electron state ψ+
(
ri, r j
)
and
Ni, j,−,σ,σ = B†i, j,−,σ,σBi, j,−,σ,σ of ψ−
(
ri, r j
)
as
Hαz,i, j =
1
2
∑
σ,σ
(
B†i, j,+,σ,σBi, j,+,σ,σ − B†i, j,−,σ,σBi, j,−,σ,σ
)
=
1
2
∑
σ,σ
(
Ni, j,+,σ,σ − Ni, j,−,σ,σ
)
. (82)
The two-electron wave function ψ±
(
ri, r j
)
of Eq. (74), consist-
ing of a linear combination of ψB2
(
ri, r j
)
with the B2 symme-
try and ψB1
(
ri, r j
)
with the B1 symmetry, possesses the hex-
adecapole with the A2 symmetry of Eq. (82) in the diagonal
16
J. Phys. Soc. Jpn. FULL PAPERS
elements of Eq. (81). This is confirmed by the fact that the
direct product of B1 ⊕ B2 for the two-electron wave functions
ψ±
(
ri, r j
)
of Eq. (74) is reduced as (B1 ⊕ B2) ⊗ (B1 ⊕ B2) =
2A1⊕2A2 for the point group of the D2d symmetry of the Fe2+
ion site.
Fourier transforms of the two-electron operators of Bi, j,±,σ,σ
of Eq. (77) and B†i, j,±,σ,σ of Eq. (78) give their momentum rep-
resentations. For example, the Fourier transform of Bi, j,+,σ,σ
is
Bi, j,+,σ,σ =
1√
2
∑
kG,kR
(
e−i
3pi
4 l 1
2 kG−kR,+1,σl 12 kG+kR,+1,σ
+ei
3pi
4 l 1
2 kG−kR,−1,σl 12 kG+kR,−1,σ
)
× eikG·rGeikR·rR . (83)
Here, we use the gravity position rG =
(
ri + r j
)
/2 and gravity
momentum ~kG = ~ki + ~k j. It is supposed that the two-
electron states are described in terms of the relative coordi-
nate rR = ri − r j and relative momentum ~kR = (~ki − ~k j)/2
under the constraint that the gravity momentum vanishes as
~kG = ~ki + ~k j = 0. Under this constraint, the motion of the
two-electron state is explained only in terms of bound states
with the relative momentum ~kR = ~k. Consequently, the an-
nihilation operators of Bk,±,σ,σ for the eigenstates of the hex-
adecapole with the right-hand rotation of h = + and the left-
hand rotation of h = − and the creation operators of B†k,±,σ,σ
for the conjugate eigenstates are written as
Bk,±,σ,σ =
1√
2
(
e∓i
3pi
4 l−k,+1,σlk,+1,σ + e±i
3pi
4 l−k,−1,σlk,−1,σ
)
,
(84)
B†k,±,σ,σ =
1√
2
(
e±i
3pi
4 l†k,+1,σl
†
−k,+1,σ + e
∓i 3pi4 l†k,−1,σl
†
−k,−1,σ
)
.
(85)
The two-electron operators of Bk,±,σ,σ and B†k,±,σ,σ given by
Eqs. (84) and (85) satisfy the mixed commutation relations45)[
Bk,±,σ,σ, B†k′,±,σ,σ
]
=
(
1 − nk,+1,σ + n−k,+1,σ + nk,−1,σ + n−k,−1,σ
2
)
δk,k′ , (86)[
Bk,±,σ,σ, B†k′,∓,σ,σ
]
= ∓i nk,+1,σ + n−k,+1,σ − nk,−1,σ − n−k,−1,σ
2
δk,k′ . (87)
Here, we denote the one-electron number operator as nk,±1,σ =
l†k,±1,σlk,±1,σ. The mixed commutation relations of Eqs. (86)
and (87) are required to calculate the hexadecapole interaction
in the normal phase and describe the hexadecapole ordering
associated with the superconducting transition at TSC = 23 K
for x = 0.071.
4.7 Hexadecapole interaction
In actual crystals of the iron pnictide, the thermally excited
transverse acoustic phonon with wavevector q induces the ro-
tation ωxy (q) as
ωxy (q) =
i
2
√
~
2VρMωy (q)
qx
(
ay,q − a†y,−q
)
− i
2
√
~
2VρMωx (q)
qy
(
ax,q − a†x,−q
)
. (88)
The two-electron states ψ±
(
ri, r j
)
of Eq. (76) bearing the hex-
adecapole are scattered by the transverse acoustic phonons
carrying the rotation ωxy (q). These scattering are expressed
in terms of the hexadecapole-rotation interaction in momen-
tum space as
Hrot
(
ωxy
)
= −2(1 − γ)∑
k,q
∑
σ,,σ
JQ
(
k, q
)
×
(
B†k+q,+,σ,σBk,+,σ,σ − B†k+q,−,σ,σBk,−,σ,σ
)
ωxy
(
q
)
= −4(1 − γ)∑
k,q
JQ
(
k, q
)
Hαz,k,qωxy
(
q
)
. (89)
The hexadecapole Hαz,k,q in Eq. (89) is written in terms of the
two-electron state with wavevector k involving virtually ex-
cited one-phonon states with wavevector q as
Hαz,k,q =
1
2
∑
σ,σ
Hαz,k,q,σ,σ
=
1
2
∑
σ,σ
(
B†k+q,+,σ,σBk,+,σ,σ − B†k+q,−,σ,σBk,−,σ,σ
)
. (90)
We identify the hexadecapole of Eq. (90) with the difference
between the occupation numbers Nk,+,σ,σ = B
†
k,+,σ,σBk,+,σ,σ
and Nk,−,σ,σ = B†k,−,σ,σBk,−,σ,σ for the two-electron states with
the small-wavenumber limit of |q| → 0 as follows:
Hαz,k,q=0 =
1
2
∑
σ,σ
Hαz,k,q=0,σ,σ
=
1
2
∑
σ,σ
(
Nk,+,σ,σ − Nk,−,σ,σ) . (91)
The canonical transformation involving the virtual one-
phonon processes gives the indirect interactions between the
two-electron states carrying the hexadecapole as45)
HHHind = −
1
4
∑
k,k′,q
∑
σ1,σ1
∑
σ2,σ2
DHH+ (k, q)
× B†k−q,+,σ1,σ1Bk,+,σ1,σ1B
†
k′+q,+,σ2,σ2
Bk′,+,σ2,σ2
+
1
4
∑
k,k′,q
∑
σ1,σ1
∑
σ2,σ2
DHH+ (k, q)
× B†k−q,+,σ1,σ1Bk,+,σ1,σ1B
†
k′+q,−,σ2,σ2Bk′,−,σ2,σ2
+
1
4
∑
k,k′,q
∑
σ1,σ1
∑
σ2,σ2
DHH− (k, q)
× Bk−q,−,σ1,σ1Bk,−,σ1,σ1B†k′+q,+,σ2,σ2Bk′,+,σ2,σ2
− 1
4
∑
k,k′,q
∑
σ1,σ1
∑
σ2,σ2
DHH− (k, q)
× Bk−q,−,σ1,σ1Bk,−,σ1,σ1B†k′+q,−,σ2,σ2Bk′,−,σ2,σ2 .
(92)
The indirect hexadecapole interaction Hamiltonian of Eq.
(92) mediated by the rotation ωxy
(
q
)
of the transverse acous-
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tic phonon consists of the four scattering processes shown in
Fig. 6. The scattering process of the two-electron states be-
tween the same rotation direction of h = + is shown in Fig.
6(a) and the scattering between the same rotation direction of
h = − is in Fig. 6(d). The scattering between opposite rotation
directions of h = + and − are shown in Figs. 6(b) and 6(c).
The coupling coefficient DHHh (k, q) of the indirect hexade-
capole interaction in Eq. (92) for the right-hand rotation direc-
tion of h = + and the left-hand rotation of h = − is expressed
as
DHHh (k, q)
= −1
2
[−4 (1 − γ) JQ (k, q)]2
×
 ~2VρMωy (q)q2x 4~ωy (q)[εh (k) − εh (k − q)]2 − ~2ωy (q)2
+
~
2VρMωx (q)
q2y
4~ωx (q)[
εh (k) − εh (k − q)]2 − ~2ωx (q)2
 .
(93)
Here, εh (k) = ~2 |k|2 /2m∗ with effective mass m∗ for
wavevector k is the excitation energy of the two-electron
states with the rotation direction of h = ± of Eq. (76). The
transverse acoustic phonon energy of ~ωi (q) = ~v66qi for
i = x or y is given by the ultrasonic velocity v66.
In the normal phase without long-range ordering, the ener-
gies of the two-electron states ψ+
(
ri, r j
)
and ψ−
(
ri, r j
)
cause
the degeneration of each other as ε+ (k) = ε− (k) = ε (k). By
adopting the equality DHH+ (k, q) = DHH− (k, q) = DHH (k, q),
we deduce the indirect hexadecapole interaction between the
two-electron states of Eq. (92) as
HHHind = −
1
4
∑
k,k′,q
∑
σ1,σ1
∑
σ2,σ2
DHH (k, q)
×
(
B†k−q,+,σ1,σ1Bk,+,σ1,σ1 − B
†
k−q,−,σ1,σ1Bk,−,σ1,σ1
)
×
(
B†k′+q,+,σ2,σ2Bk′,+,σ2,σ2 − B
†
k′+q,−,σ2,σ2Bk′,−,σ2,σ2
)
= −
∑
k,k′,q
DHH (k, q) Hαz,k,−qH
α
z,k′,q. (94)
The indirect hexadecapole interaction coefficient DHH (k, q)
in Eq. (94) is written as
DHH (k, q) = −8 (1 − γ)2 JQ (k, q)2
× ~
2VρMω (q)
q2
8~ω (q)[
ε (k) − ε (k − q)]2 − ~2ω (q)2 .
(95)
Here, we take the equivalence of the acoustic phonon en-
ergy ~ωx (q) = ~ωy (q) = ~ω (q) for the tetragonal lat-
tice. The sign of the interaction coefficient DHH (k, q) of
Eq. (95) dominates the character of the hexadecapole inter-
action. The positive-sign regime of DHH (k, q) > 0 corre-
sponds to the ferro-type hexadecapole interaction, while the
negative-sign regime of DHH (k, q) < 0 corresponds to the
antiferro-type hexadecapole interaction. Note that the coef-
ficient (1 − γ)2 JQ (k, q)2 in the indirect hexadecapole inter-
action of Eqs. (93) and (95) is always positive for both the
antiferro-type quadrupole interaction of JQ (k, q) < 0 and the
ferro-type quadrupole interaction of JQ (k, q) > 0. Conse-
quently, the sign of DHH (k, q) is determined by the sign of the
denominator
[
ε (k) − ε (k − q)]2 − ~2ω (q)2 in Eq. (95). Since
the two-electron state of Eq. (74) with the spin-singlet state
interacts with the rotation of the transverse acoustic phonons,
the hexadecapole-rotation interaction of Eq. (89) and the hex-
adecapole interaction of Eq. (94) are independent of whether
the spin orientation is σ =↑ or ↓.
In the small-wavenumber regime of |q| → 0 for the trans-
verse acoustic phonons, we rewrite the indirect hexadecapole
interaction coefficient DHH (k, q) in Eq. (95) as follows by dis-
regarding high powers of O
(|q|4):
DHH (k, q = 0)
= −32 (1 − γ)
2 JQ (k, 0)2
VρM
1(
~
m∗
)2 k2 − m∗2v266
~2
 . (96)
This gives the boundary wavenumber kHb =
∣∣∣kHb ∣∣∣ = m∗v66/~,
where the sign of DHH (k, q = 0) changes from positive to
negative with increasing |k|. The experimental results in Fig.
1(a) for x = 0.071 give the ultrasonic velocity v66 = 1750
m/s in the vicinity of the superconducting transition point
TSC = 23 K (v66 = 1970 m/s at T = 80 K in the normal
phase). From these results, we estimate the excitation energy
of ε
(
kHb
)
= ~2kH2b /2m
∗ to be 0.201 K (0.256 K) for the bound-
ary wavenumber kHb = 34.0 × 106 m−1 (30.2 × 106 m−1) and
boundary wavelength λHb = 0.185× 10−6 m (0.208× 10−6 m).
Here, we suppose that the two-electron states have an energy
of ε (k) = ~2 |k|2 /2m∗ with the effective mass being twice the
rest electron mass m∗ = 2me.
The low-lying two-electron state with the excitation energy
εh (k) < ε
(
kHb
) ∼ 0.25 K (5 GHz) contributes to the ferro-type
hexadecapole interaction with the positive DHH (k, q = 0) >
0. This brings about the ferro-hexadecapole ordering, which
is actually confirmed by the critical slowing down around the
superconducting transition temperature for x = 0.071 in Fig.
1(b). The hexadecapole interaction of DHH (k, q = 0) propor-
tional to (1 − γ)2JQ (k, q = 0)2 in Eqs. (95) and (96) deter-
mines the ferro-type hexadecapole transition temperature, as
will be shown by Eq. (98) of Sect. 4.8.
4.8 Hexadecapole ordering
We use the hexadecapole susceptibility to describe the crit-
ical slowing down associated with the ferro-type hexade-
capole ordering. According to the matrix representation of the
hexadecapole-rotation interaction of Eq. (73), the right-hand
rotation of ωxy > 0 splits the two-electron states of Eq. (76)
into a lower level with E+ = −4 (1 − γ) JQωxy for ψ+(ri, r j)
with the right-hand rotation direction h = + and an upper level
with E− = 4 (1 − γ) JQωxy for ψ−(ri, r j) with the left-hand
rotation direction h = −. The splitting of the two-electron
states of ψ+
(
ri, r j
)
and ψ−
(
ri, r j
)
by the rotation ωxy with the
symmetry-breaking character illustrated in Fig. 7(b) gives the
hexadecapole susceptibility of χH for the two-electron state
obeying the Curie law as
χH = NH
16 (1 − γ)2 J2Q/C066
T
=
∆H
T
. (97)
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Here, NH is the number of two-electron states partici-
pating in the ferro-type hexadecapole interaction. The in-
direct hexadecapole-rotation interaction energy ∆H in Eq.
(97) is given by the hexadecapole interaction coefficient
DHH (k, q = 0) of Eq. (96) as
2∆H
VNH
C066
ρMv266
=
32 (1 − γ)2 J2Q
VρMv266
=
1
NH
∑
|k|<kHb
DHH (k, q = 0)
= D˜HH. (98)
The positive sign in the indirect hexadecapole interaction co-
efficient D˜HH due to ∆H > 0 leads to the ferro-type hexade-
capole ordering. Note that the softening of ρMv266 = C66 due
to the quadrupole-strain interaction of Eq. (33) enhances the
indirect hexadecapole interaction coefficient D˜HH in Eq. (98).
The relaxation time τ around the superconducting transi-
tion for x = 0.071 diverges at the critical temperature T 0c
as shown in Fig. 4. Taking this experimental finding into ac-
count, we introduce the renormalized hexadecapole suscepti-
bility χ˜H as
χ˜H =
∆H
T − ΘC . (99)
Here, we introduce the critical temperature ΘC correspond-
ing to the experimentally observed critical temperature T 0c for
τH. In the following Sects. 4.9 and 4.10, we present plausible
model, where the hexadecapole ordering appears accompa-
nying the superconductivity. Consequently, the critical tem-
perature ΘC of Eq. (99) consists of the indirect hexadecapole
interaction energy D˜HH of Eq. (98) and the superconducting
transition temperature TSC as
ΘC = D˜HH + TSC. (100)
Note that the superconducting transition temperature TSC will
be given later by the self-consistent equation for the supercon-
ducting energy gap of Eq. (121). The internal energy based on
the phenomenological theory given by Eq. (141) in Sect. 4.10
also indicates the ground state for the simultaneous ordering
of the hexadecapole and superconductivity in the present iron
pnictide.
The critical slowing down of the relaxation time τH is
caused by the divergence of the correlation length associated
with the ferro-type ordering of the hexadecapole Hαz
(
ri, r j
)
.
This is expressed in terms of the renormalized hexadecapole
susceptibility of Eq. (99) as
τH = τ0
∣∣∣∣∣T − ΘCΘC
∣∣∣∣∣−zν = τ0 ∣∣∣∣∣T − ΘCΘC
∣∣∣∣∣−1 ∝ χ˜H. (101)
The critical index zν = 1 of Eq. (101) based on mean field the-
ory well reproduces the experimental results of the relaxation
time τ above the superconducting transition temperature TSC
in Fig. 1(b). Because the indirect hexadecapole interaction of
Eq. (92) is mediated by the rotation of the transverse acous-
tic phonons with a long wavelength, the critical phenomena
above the transition point is well described by mean field the-
ory. The experimentally observed zν = 1/3 in the supercon-
ducting phase below TSC in Fig. 1(b), however, distinctly de-
viates from zν = 1 of Eq. (101) obtained from mean field
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Fig. 8. (Color online) Divergence of the relaxation time τH (green solid
line) fit by Eq. (101) and the softening of the elastic constantC66 (blue dashed
line) fit by Eq. (50) in the normal phase above the superconducting transition
at TSC = 23 K for x = 0.071. The temperature T 0c = 23 K for the divergence
of τH indicates the hexadecapole ordering point of ΘC, while the critical tem-
perature T 0s = ΘQ + ∆Q = −26.5 K of C66 (red open circles) and τQ (orange
dashed and dotted line) give the fictitious lattice instability point forC66 → 0.
theory. This discrepancy is accounted for by the fact that the
hexadecapole correlation due to the two-electron states devel-
ops in both the normal and superconducting phases near the
transition temperature TSC, while the hexadecapole correla-
tion due to the Cooper pairs develops only in the supercon-
ducting phase as will be shown in Sect. 4.10. The diffusion
processes of the hexadecapole Hαz
(
ri, r j
)
in the vicinity of the
critical temperature ΘC determine the attempt relaxation time
τ0 in Eq. (101).40, 42) The calculation based on renormaliza-
tion group theory for the inherent system exhibiting the hex-
adecapole ordering associated with the superconductivity may
explains the experimental result of the critical index zν = 1/3
and the relative ratio τ0+/τ0− = 1.03 for x = 0.071.
It is worth presenting the hexadecapole susceptibility re-
sponsible for the attenuation coefficient α66 by comparing it
with the quadrupole susceptibility responsible for the elastic
constant C66 in Fig. 8. The critical slowing down due to the
ferro-type hexadecapole ordering brings about the divergence
of the relaxation time τH, which is expressed in terms of the
renormalized hexadecapole susceptibility χ˜H of Eq. (99). As
shown by the solid green line in Fig. 8, the divergence of the
relaxation time τH approaching the superconducting transition
ensures the hexadecapole ordering at ΘC = T 0c = TSC = 23
K, consisting with the superconducting transition tempera-
ture. On the other hand, the elastic constant C66 shown by the
red solid line in Fig. 8 exhibits softening obeying the renor-
malized quadrupole susceptibility χ˜Q in Eq. (51). The critical
temperature T 0s is ΘQ +∆Q = −26.5 K, implying that the ficti-
tious lattice instability temperature where C66 → 0 is strictly
distinguished from the critical temperature T 0c = TSC = 23
K for the divergence of the relaxation time τH. The critical
slowing down due to the fictitious lattice instability may be
possible, as indicated by the orange dashed and dotted line in
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Fig. 8. The ultrasonic attenuation due to the relaxation time
τQ at temperatures far above the fictitious instability point,
however, is too small to detect.
The softening of C66 in Fig. 8 is expressed in terms of the
renormalized quadrupole susceptibility χ˜Q in Eq. (50), which
is caused by the quadrupole-strain interaction of Eq. (33). The
hexadecapole-rotation interaction of Eq. (73) might affect the
softening of CH66 as
CH66 = C66 (1 − χ˜H) = C66
(
1 − ∆H
T − ΘC
)
. (102)
Here, C66 is given by Eq. (2) or Eq. (50) and represents
the softening due to the quadrupole-strain interaction. Be-
cause two electrons are accommodated in the degenerate y′z
and zx′ bands, we take the number of two-electron states as
NH ∼ (2NFe) /2 = 2 × 1022 cm−3 as an upper limit. Adopt-
ing the quadrupole interaction energy JQ = ΘQ = −47 K for
x = 0.071 and the anisotropic parameter γ = 0.9 as a tentative
value, we deduce that the hexadecapole-rotation interaction
energy in Eq. (97) is as small as ∆H = 16NH (1 − γ)2 J2Q/C066 ∼
10−3 K. This is too small to sizably affect the softening of the
elastic constant C66. This small ∆H of ∼ 10−3 K is in strongly
contrast to the considerable quadrupole-strain interaction en-
ergy of ∆Q ∼ 20 K, which brings about appreciable softening
of C66 with decreasing temperature.
4.9 Superconductivity due to quadrupole interaction
In out attempt to show the superconducting state compat-
ible with the hexadecapole ordering, we will solve the su-
perconducting Hamiltonian for a pair of electrons coupled to
each other through the quadrupole interaction HQQ (γ) of Eq.
(46). To this end, we treat band electrons of the orbital state
λm (r) in Eq. (75) with the angular momentum l = 2 and the
azimuthal quantum number m = ±1. The corresponding bare
electron Hamiltonian is expressed in terms of the electron op-
erators of lk,m,σ and l
†
k,m,σ for m = ±1 as
H′K =
∑
k
∑
σ
[
ε+1,σ (k) l†k,+1,σlk,+1,σ
+ε−1,σ (k) l†k,−1,σlk,−1,σ
]
. (103)
Here, the electron energy εm,σ (k) is measured from the Fermi
energy.
The quadrupoles expressed by the electron operators of
di,l,σ and d
†
i,l,σ (l = y
′z and zx′) in Eqs. (34) and (36) are rewrit-
ten in terms of the electron operators of lk,m,σ and l
†
k,m,σ with
m = ±1 as
Ox′2−y′2,k,q = −
∑
σ
(
l†k+q,+1,σlk,−1,σ + l
†
k+q,−1,σlk,+1,σ
)
, (104)
Ox′y′,k,q = i
∑
σ
(
l†k+q,+1,σlk,−1,σ − l†k+q,−1,σlk,+1,σ
)
. (105)
Thus, we obtain an alternative expression for the quadrupole
interaction Hamiltonian HQQ (γ) with the anisotropic param-
eter γ of Eq. (46) as
HQQ (γ) = − 12
∑
k,q
∑
σ,σ
JQ (k, q)
×
(
l†k+q,+1,σl
†
−k−q,+1,σl−k,−1,σlk,−1,σ
+ l†k+q,+1,σl
†
−k−q,−1,σl−k,+1,σlk,−1,σ
+ l†k+q,−1,σl
†
−k−q,+1,σl−k,−1,σlk,+1,σ
+l†k+q,−1,σl
†
−k−q,−1,σl−k,+1,σlk,+1,σ
)
− 1
2
γ
∑
k,q
∑
σ,σ
JQ (k, q)
×
(
−l†k+q,+1,σl†−k−q,+1,σl−k,−1,σlk,−1,σ
+ l†k+q,+1,σl
†
−k−q,−1,σl−k,+1,σlk,−1,σ
+ l†k+q,−1,σl
†
−k−q,+1,σl−k,−1,σlk,+1,σ
−l†k+q,−1,σl†−k−q,−1,σl−k,+1,σlk,+1,σ
)
.
(106)
The quadrupole interaction HQQ (γ) of Eq. (106) gives four
independent scattering processes between electrons with az-
imuthal quantum numbers of m = +1 and −1, wavevectors
k of an electron bearing the electric quadrupoles and q of a
transverse acoustic phonon, and spin orientations of σ and σ.
In order to account for the critical slowing down around the
superconducting transition point, we notice that the two scat-
tering processes consisting of l†k+q,+1,σl
†
−k−q,+1,σl−k,−1,σlk,−1,σ
and l†k+q,−1,σl
†
−k−q,−1,σl−k,+1,σlk,+1,σ in Eq. (106) give the su-
perconducting ground state bearing the hexadecapole. The
former term of l†k+q,+1,σl
†
−k−q,+1,σl−k,−1,σlk,−1,σ annihilates two
electrons with the same azimuthal quantum number of m =
−1 and creates two electrons with the same number of m =
+1, while the latter term of l†k+q,−1,σl
†
−k−q,−1,σl−k,+1,σlk,+1,σ
causes the reverse process. On the other hand, we dis-
regard the scattering of l†k+q,−1,σl
†
−k−q,−1,σl−k,+1,σlk,+1,σ in-
volved in exchange process from the electron state with
m = +1 to the opposite state with m = −1, and that of
l†k+q,+1,σl
†
−k−q,+1,σl−k,−1,σlk,−1,σ for the exchange from m = −1
to m = +1. These latter scattering lead to a superconduct-
ing ground state that does not carry the hexadecapole, which
is incompatible with the critical slowing down due to the
hexadecapole ordering. Consequently, we adopt the restricted
quadrupole interaction Hamiltonian consisting of the former
process to properly describe the superconductivity accompa-
nying the hexadecapole ordering:
H′QQ (γ)
= −1
2
(1 − γ)
∑
k,q
∑
σ,σ
JQ (k, q)
×
(
l†k+q,+1,σl
†
−k−q,+1,σl−k,−1,σlk,−1,σ
+l†k+q,−1,σl
†
−k−q,−1,σl−k,+1,σlk,+1,σ
)
. (107)
Here, the gravity momentum for two-electron states bound
by the restricted quadrupole interaction of Eq. (107) is con-
strained to vanish as ~kG = 0. Note that the restricted Hamil-
tonian H′QQ (γ) of Eq. (107) satisfies the criterion of the A1
symmetry of point group D2d.
We solve the superconducting Hamiltonian HSC consisting
of the bare electron Hamiltonian H′K of Eq. (103) and the re-
stricted quadrupole interaction Hamiltonian H′QQ (γ) of Eq.
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(107):
HSC
= H′K + H
′
QQ (γ)
=
∑
k
∑
σ,σ

l†k,+1,σ
l−k,+1,σ
l†k,−1,σ
l−k,−1,σ

T
×

ε (k) −∆σ,σ−1,−1 (k) 0 0
−∆σ,σ∗−1,−1 (k) −ε (k) 0 0
0 0 ε (k) −∆σ,σ
+1,+1 (k)
0 0 −∆σ,σ∗
+1,+1 (k) −ε (k)

×

lk,+1,σ
l†−k,+1,σ
lk,−1,σ
l†−k,−1,σ
 . (108)
Here, the electron state vector of lk ≡(
lk,+1,σ, l
†
−k,+1,σ, lk,−1,σ, l
†
−k,−1,σ
)T
is employed. We use
the equivalence of the energy ε+1,σ (k) = ε−1,σ (k) = ε (k) for
the electrons with the azimuthal quantum numbers of m = +1
and −1. There are two different superconducting energy gaps
of ∆σ,σ
+1,+1 (k) denoted by the Cooper pairs with the right-hand
azimuthal quantum number m = +1 and ∆σ,σ−1,−1 (k) for the
left-hand azimuthal quantum number of m = −1 in Eq. (108)
as
∆
σ,σ
±1,±1 (k) =
1
2
(1 − γ)
∑
q
JQ (k, q)
〈
l−k−q,±1,σlk+q,±1,σ
〉
,
(109)
∆
σ,σ∗
±1,±1 (k) =
1
2
(1 − γ)
∑
q
JQ (k, q)
〈
l†k+q,±1,σl
†
−k−q,±1,σ
〉
.
(110)
Here,
〈
l−k,±1,σlk,±1,σ
〉
and
〈
l†k,±1,σl
†
−k,±1,σ
〉
stand for the mean-
field values of the Cooper pair indicating the off-diagonal
long-range order parameter of the superconducting phase.
The quadrupole interaction coefficient JQ (k, q) and the
anisotropic parameter γ in Eq. (107) dominate the two energy
gaps of ∆σ,σ±1,±1 (k) in Eq. (109) and ∆
σ,σ∗
±1,±1 (k) in Eq. (110),
which characterize the inherent superconductivity of the sys-
tem. The appearance of the energy gap ∆σ,σ±1,±1 , 0 indicates
the symmetry breaking of the U(1) gauge, where the electron
number is not conserved across the superconducting transi-
tion.83)
Supposing a Cooper pair consisting of two electrons
with opposite spin orientations, we set the energy gap to
∆
↑,↓
±1,±1 (k) = ∆
↓,↑
±1,±1 (k) = ∆±1,±1 (k) while omitting the spin
orientations. The superconducting Hamiltonian HSC of Eq.
(108) is expressed by Bogoliubov quasiparticles of Lk ≡(
Lk,+1,σ, L
†
−k,+1,σ, Lk,−1,σ, L
†
−k,−1,σ
)T
as
HSC =
∑
k
∑
σ,σ

L†k,+1,σ
L−k,+1,σ
L†k,−1,σ
L−k,−1,σ

T
×

E+1 (k) 0 0 0
0 −E+1 (k) 0 0
0 0 E−1 (k) 0
0 0 0 −E−1 (k)

×

Lk,+1,σ
L†−k,+1,σ
Lk,−1,σ
L†−k,−1,σ
 . (111)
Here, we obtain the excitation energies ±E+1 (k) and ±E−1 (k)
of the Bogoliubov quasiparticles as
E±1 (k) =
√
ε (k)2 +
∣∣∣∆∓1,∓1 (k)∣∣∣2. (112)
Here, we adopt double-sign correspondence. The Bogoli-
ubov transformation from the electron state vector of lk =(
lk,+1,σ, l
†
−k,+1,σ, lk,−1,σ, l
†
−k,−1,σ
)T to the Bogoliubov quasiparti-
cles of Lk =
(
Lk,+1,σ, L
†
−k,+1,σ, Lk,−1,σ, L
†
−k,−1,σ
)T is expressed
in terms of an unitary matrix as
Lk,+1,σ
L†−k,+1,σ
Lk,−1,σ
L†−k,−1,σ

=

u+1 (k) −v∗+1 (k) 0 0
v+1 (k) u+1 (k) 0 0
0 0 u−1 (k) −v∗−1 (k)
0 0 v−1 (k) u−1 (k)


lk,+1,σ
l†−k,+1,σ
lk,−1,σ
l†−k,−1,σ

=

u+1 (k) lk,+,σ − v∗+1 (k) l†−k,+,σ
v−1 (k) lk,+,σ + u+1 (k) l†−k,+,σ
u−1 (k) lk,−,σ − v∗−1 (k) l†−k,−,σ
v−1 (k) lk,−,σ + u−1 (k) l†−k,−,σ
 . (113)
Taking the constraint of |u±1 (k)|2 + |v±1 (k)|2 = 1 for fermion
quasiparticles into account, we set the elements of the Bogoli-
ubov transformation in Eq. (113) as
u±1 (k) =
E±1 (k) + ε (k)√
[E±1 (k) + ε (k)] +
∣∣∣∆∓1,∓1 (k)∣∣∣2 , (114)
v∗±1 (k) =
∆∗∓1,∓1 (k)√
[E±1 (k) + ε (k)] +
∣∣∣∆∓1,∓1 (k)∣∣∣2 . (115)
Here, u±1 (k) is a real number and v±1 (k) is a complex num-
ber. The Bogoliubov quasiparticles of Lk in Eq. (111) obey
the fermion commutation relations{
Lk,m,σ, L
†
k′,m′,σ′
}
= δk,k′δm,m′δσ,σ′ , (116){
Lk,m,σ, Lk′,m′,σ′
}
=
{
L†k,m,σ, L
†
k′,m′,σ′
}
= 0. (117)
In the superconducting phase, the energy gaps of Eqs. (109)
and (110) show finite values of ∆±1,±1 (k) , 0 and ∆∗±1,±1 (k) ,
0 for both the ferro-type quadrupole interaction JQ (k, q) > 0
and the antiferro-type quadrupole interaction JQ (k, q) < 0.
The slight deviation of the anisotropic feature of γ <∼ 1 from
the ideal xz model is necessary for the manifestation of the
superconductivity in the vicinity of the QCP. The supercon-
ducting ground state Φ0 given by the restricted quadrupole
interaction Hamiltonian of Eq. (107) is described in terms of
the annihilation operators L−k,±1,σLk,±1,σ of the Bogoliubov
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quasiparticles acting on the vacuum state Φvac. An alternative
expression for the superconducting ground state is obtained
in terms of the electron creation operators l†k,±1,σl
†
−k,±1,σ of the
Cooper pair acting on Φvac. Consequently, the grand state Φ0
is expressed as
|Φ0〉 = C
∏
k
∏
m=±1
∏
σ,σ
L−k,m,σLk,m,σ |Φvac〉
= C
∏
k
∏
m=±1
∏
σ,σ
[−v∗m (k)]
×
[
um (k) + v∗m (k) l
†
k,m,σl
†
−k,m,σ
]
|Φvac〉 . (118)
Here, we take the available operations over the azimuthal
quantum numbers of m = +1 and −1, spin orientations
of σ and σ, and wavevector k. The coefficient of C−2 =∏
k
∏
m=±1
∏
σ,σ |vm (k)|2 stands for the normalized factor of
Φ0. The superconducting ground state Φ0 of Eq. (118) con-
sists of the creation operators l†k,±1,σl
†
−k,±1,σ of the Cooper
pairs with probability weight density |vm (k)|2 of Eq. (115).
This is the coherent state treated in the standard BCS the-
ory.45, 84–86)
The restricted quadrupole interaction Hamiltonian of Eq.
(107) brings about the energy gaps ∆±1,±1 , 0 of Eq. (109) and
their complex conjugate energy gaps ∆∗±1,±1 , 0 of Eq. (110).
The corresponding mean fields of the off-diagonal long-range
order parameters of
〈
l−k,±1,σlk,±1,σ
〉
and
〈
l†k,±1,σl
†
−k,±1,σ
〉
are
written in terms of the Bogoliubov quasiparticles of Eq. (113)
as〈
l−k,±1,σlk,±1,σ
〉
= u∗±1 (k) v
∗
±1 (k)
(
1 − 〈L†k,±1,σLk,±1,σ〉
−〈L†−k,±1,σL−k,±1,σ〉) , (119)〈
l†k,±1,σl
†
−k,±1,σ
〉
= u±1 (k) v±1 (k)
(
1 − 〈L†k,±1,σLk,±1,σ〉
−〈L†−k,±1,σL−k,±1,σ〉) . (120)
Here, we used the fact that the mean-field values
for the off-diagonal excitation of
〈
L†k,±1,σL
†
−k,±1,σ
〉
and〈
L−k,±1,σLk,±1,σ
〉
for the Bogoliubov quasiparticles vanish.
The Bogoliubov quasiparticle numbers of
〈
L†k,±1,σLk,±1,σ
〉
and
〈
L†−k,±1,σL−k,±1,σ
〉
in Eqs. (119) and (120) are calculated
in terms of the Fermi distribution function f (E±1 (k)) ={
exp [E±1 (k) /kBT ] + 1
}−1 for the excitation energy E±1 (k)
in Eq. (112). By using the alternative expressions for
the Bogoliubov-transform elements |u±1 (k)|2 − |v±1 (k)|2 =
ε (k) /E±1 (k) and 2u±1 (k) v±1 (k) = ∆∗∓1,∓1 (k) /E±1 (k), we
obtain the self-consistent equation for the energy gap of Eq.
(110) as
∆∗±1,±1 (k)
=
1
2
(1 − γ)
∑
q
JQ (k, q)
〈
lk+q,±1,σl−k−q,±1,σ
〉
=
1
4
(1 − γ)
∑
q
JQ (k, q)
∆∗∓1,∓1 (k + q)√
ε (k + q)2 +
∣∣∣∆∓1,∓1 (k + q)∣∣∣2
× tanh

√
ε (k + q)2 +
∣∣∣∆∓1,∓1 (k + q)∣∣∣2
2kBT
 . (121)
The quadrupole interaction JQ (k, q) and the anisotropic pa-
rameter γ used in the restricted quadrupole interaction Hamil-
tonian H′QQ(γ) of Eq. (107) dominate the self-consistent equa-
tion for the superconducting energy gaps of ∆∗±1,±1 (k) in Eq.
(121). The microscopic mechanism for the Cooper pair for-
mation in the present treatment is in good agreement with the
previous theoretical studies based on the quadrupole interac-
tion24–26) but are rather different from the theory based on the
spin fluctuation.15, 29, 30) The superconducting transition tem-
perature TSC determined by Eq. (121) in the present model
and the hexadecapole interaction D˜HH of Eq. (98) both con-
tribute to the critical temperature ΘC of the renormalized hex-
adecapole susceptibility of Eq. (99) as ΘC = D˜HH + TSC as
shown in Eq. (100).
In order to characterize the superconducting state of the
present iron pnictide, we calculate the eigenenergy of the re-
stricted quadrupole interaction Hamiltonian H′QQ (γ) of Eq.
(107) for the superconducting ground state Φ0 of Eq. (118)
as 〈
Φ0
∣∣∣H′QQ (γ)∣∣∣Φ0〉
= −1
8
∑
k,q
∑
σ,σ
JQ (k, q)
[
∆∗−1,−1 (k + q)
E+1 (k + q)
∆+1,+1 (k)
E−1 (k)
+
∆∗
+1,+1 (k + q)
E−1 (k + q)
∆−1,−1 (k)
E+1 (k)
]
. (122)
The antiferro- and ferro-quadrupole interactions of JQ (k, q)
for various wavevectors q of the transverse acoustic phonons
over the Brillouin zone participate in the Cooper pair forma-
tion. However, a small-wavenumber limit of |q| → 0 corre-
sponding to the measured ultrasonic wave particularly plays
a significant role to cause the the critical slowing down due
to the ferro-hexadecapole ordering. Therefore, we calculate
the quadrupole interaction energy of
〈
Φ0
∣∣∣∣H′QQ (γ)∣∣∣∣Φ0〉 of Eq.
(122) for the Cooper pairs bound by electrons with wavevec-
tors k and k + q for the small-wavenumber limit of |q| → 0.
In out attempt to examine the interference between the
phase ϕ+1,+1 (k) of the energy gap ∆+1,+1 (k) due to the off-
diagonal long-range order parameter
〈
l−k,+1,σlk,+1,σ
〉
and the
phase ϕ−1,−1 (k) of ∆−1,−1 (k) due to
〈
l−k,−1,σlk,−1,σ
〉
, we take
polar form of the energy gaps.
∆±1,±1 (k) =
∣∣∣∆±1,±1 (k)∣∣∣ exp [iϕ±1,±1 (k)] . (123)
Thus, we deduce the energy of the restricted quadrupole inter-
action of Eq. (107) for the superconducting ground state Φ0
in the small-wavenumber limit of |q| → 0 as〈
Φ0
∣∣∣H′QQ (γ)∣∣∣Φ0〉
= −1
2
∑
k
JQ (k, 0)
∣∣∣∆−1,−1 (k)∣∣∣
E+1 (k)
∣∣∣∆+1,+1 (k)∣∣∣
E−1 (k)
× cos [ϕ+1,+1 (k) − ϕ−1,−1 (k)] . (124)
The restricted quadrupole interaction energy of Eq. (124)
depends on cos
[
ϕ+1,+1 (k) − ϕ−1,−1 (k)] for the phase differ-
ence ϕ+1,+1 (k) − ϕ−1,−1 (k) between the two energy gaps in
Eq. (123).87) The Cooper pairs dominated by the ferro-type
quadrupole interaction with JQ (k, 0) > 0 for the small-
wavenumber regime of |k| < kQb bring about the state for
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cos
[
ϕ+1,+1 (k) − ϕ−1,−1 (k)] = 1 with the phase difference cor-
responding to the stationary point of ϕ+1,+1 (k) − ϕ−1,−1 (k) =
spi for an even integer s = 2n. In the opposite case, however,
the antiferro-type quadrupole interaction of JQ (k, 0) < 0,
which is relevant for relatively high wavenumbers of |k| > kQb ,
has cos
[
ϕ+1,+1 (k) − ϕ−1,−1 (k)] = −1 with the stationary point
of ϕ+1,+1 (k) − ϕ−1,−1 (k) = spi for an odd integer s = 2n + 1.
The indirect quadrupole interaction coefficient DQQ (k, q)
of Eq. (41) in the Hamiltonian of Eq. (40) may possess pos-
itive or negative sign depending on the sign of its denomina-
tor. Since the coefficient DQQ (k, q) dominates the quadrupole
interaction coefficient JQ (k, q), there are expected two cases
of the ferro-type quadrupole interaction of JQ (k, q) > 0 and
antiferro-type of JQ (k, q) < 0 in the restricted quadrupole in-
teraction energy of Eq. (124). These both cases of JQ (k, q) >
0 and JQ (k, q) < 0 are commonly available for the su-
perconducting Cooper pair formation in the system. The re-
stricted quadrupole interaction H′QQ (γ) of Eq. (107) is ruled
by the quadrupole interaction coefficient JQ (k, q) and the
anisotropic coefficient γ <∼ 1 indicating the slight deviation
from the ideal xz model. Consequently, the superconductiv-
ity energy gap caused by the restricted quadrupole interac-
tion H′QQ (γ) is favorable for the s-like shape superconducting
energy gap reflecting the almost isotropic feature in the x′y′
plane.
4.10 Superconducting ground state and hexadecapole or-
dering
In order to examine the hexadecapole ordering in the su-
perconducting phase, we investigate whether or not the super-
conducting ground state Φ0 of Eq. (118) due to the restricted
quadrupole interaction Hamiltonian H′QQ (γ) of Eq. (107)
bears the hexadecapole. The annihilation operators Bk,±,σ,σ
of Eq. (84) and the creation operators B†k,±,σ,σ of Eq. (85)
describing the hexadecapole Hαz,k,q of Eq. (90) possess the
following expectation values for the superconducting ground
state Φ0 of Eq. (118):〈
Φ0
∣∣∣Bk,±,σ,σ∣∣∣Φ0〉
=
1
2
√
2
[
e∓i
3pi
4
∆−1,−1 (k)
E+1 (k)
+ e±i
3pi
4
∆+1,+1 (k)
E−1 (k)
]
, (125)〈
Φ0
∣∣∣∣B†k,±,σ,σ∣∣∣∣Φ0〉
=
1
2
√
2
[
e±i
3pi
4
∆∗−1,−1 (k)
E+1 (k)
+ e∓i
3pi
4
∆∗
+1,+1 (k)
E−1 (k)
]
. (126)
The finite values of
〈
Φ0|Bk,±,σ,σ|Φ0〉 , 0 and〈
Φ0|B†k,±,σ,σ|Φ0
〉
, 0 are expected with the appearance of the
energy gaps ∆±1,±1 (k) , 0 of Eq. (109) and ∆∗±1,±1 (k) , 0 of
Eq. (110) below the superconducting transition temperature.
This result shows that the superconducting ground state Φ0
of Eq. (118) actually bears the off-diagonal long-range order
parameters Bk,±,σ,σ and B†k,±,σ,σ for the Cooper pairs.
The hexadecapole Hαz,k,q of Eq. (90) is expressed in terms
of the difference in the numbers of Cooper pairs as
Hαz,k,q =
1
2
∑
σ,σ
(
B†k+q,+,σ,σBk,+,σ,σ − B†k+q,−,σ,σBk,−,σ,σ
)
= − i
2
∑
σ,σ
(
l†k+q,+1,σl
†
−k−q,+1,σl−k,−1,σlk,−1,σ
−l†k+q,−1,σl†−k−q,−1,σl−k,+1,σlk,+1,σ
)
. (127)
Thus, we obtain the expectation value for the hexadecapole
for the superconducting ground state Φ0 as〈
Φ0
∣∣∣∣Hαz,k,q∣∣∣∣Φ0〉 = − i4
[
∆∗−1,−1 (k + q)
E+1 (k + q)
∆+1,+1 (k)
E−1 (k)
−∆
∗
+1,+1 (k + q)
E−1 (k + q)
∆−1,−1 (k)
E+1 (k)
]
. (128)
The appearance of the energy gaps ∆±1,±1 (k) , 0 in the super-
conducting phase simultaneously brings about a finite eigen-
value of the hexadecapole
〈
Φ0|Hαz,k,q|Φ0
〉
, 0.
The critical slowing down of the relaxation time τH around
the superconducting transition point in Fig. 1(b) is observed
via the transverse ultrasonic waves with wavelengths as long
as λ ∼ 10 µm. Therefore, we treat the rotation ωxy (q) of the
transverse acoustic phonons in Eqs. (127) and (128) for the
small-wavenumber limit of |q| = 2pi/λ → 0. Furthermore,
we assume equivalence in the amplitudes of
∣∣∣∆+1,+1 (k)∣∣∣ =∣∣∣∆−1,−1 (k)∣∣∣ = |∆ (k)| for the two energy gaps of Eq. (109)
and in the excitation energies of E+1 (k) = E−1 (k) = E (k)
for the Bogoliubov quasiparticles of Eq. (113). The hexade-
capole Hαz,k,q=0 of Eq. (127) corresponding to the difference
in the numbers of Cooper pairs Nk,+,σ,σ and Nk,−,σ,σ has an
expectation value for the superconducting ground state Φ0 of〈
Φ0
∣∣∣∣Hαz,k,q=0∣∣∣∣Φ0〉 = 〈Φ0
∣∣∣∣∣∣∣12 ∑
σ,σ
(
Nk,+,σ,σ − Nk,−,σ,σ)
∣∣∣∣∣∣∣Φ0
〉
=
1
2
|∆ (k)|2
E (k)2
sin
[
ϕ+1,+1 (k) − ϕ−1,−1 (k)] .
(129)
Thus, the hexadecapole ordering corresponding to the finite
difference in the numbers of Cooper pairs Nk,+,σ,σ − Nk,−,σ,σ
leads to sin
[
ϕ+1,+1 (k) − ϕ−1,−1 (k)] , 0 for the finite devi-
ation of the phase difference of ϕ+1,+1 (k) − ϕ−1,−1 (k) from
the stationary point of spi with an even integer s = 2n for
JQ
(
k, 0
)
> 0 or with an odd integer s = 2n+1 for JQ
(
k, 0
)
< 0.
On the other hand, when the number of Cooper pairs Nk,+,σ,σ
is equivalent to the counter number of Nk,−,σ,σ, we expect the
equilibrium state of sin
[
ϕ+1,+1 (k) − ϕ−1,−1 (k)] = 0 in accor-
dance with the phase difference located at the stationary point
of ϕ+1,+1 (k) − ϕ−1,−1 (k) = 2npi or (2n + 1)pi.
The interaction of the hexadecapole Hαz,k,q with the rotation
ωxy (q) of the transverse acoustic phonons of Eq. (89) gener-
ates a perturbation in the quadrupole interaction energy of Eq.
(124) in the superconducting phase. The expectation value of
the hexadecapole-rotation interaction Hamiltonian Hrot
(
ωxy
)
of Eq. (89) for the superconducting ground state Φ0 is calcu-
lated as〈
Φ0
∣∣∣Hrot(ωxy)∣∣∣Φ0〉
= i (1 − γ)
∑
k,q
JQ (k, q)
[
∆∗−1,−1 (k + q)
E+1 (k + q)
∆+1,+1 (k)
E−1 (k)
−∆
∗
+1,+1 (k + q)
E−1 (k + q)
∆−1,−1 (k)
E+1 (k)
]
ωxy (q) . (130)
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Since the rotation ωxy (0) of the transverse acoustic phonons
in the small-wavenumber regime of |q| → 0 participates in
the ferro-type hexadecapole interaction, the hexadecapole-
rotation interaction energy 〈Φ0|Hrot(ωxy)|Φ0〉 in the supercon-
ducting state of Eq. (130) is reduced as〈
Φ0
∣∣∣Hrot(ωxy)∣∣∣Φ0〉
= −2 (1 − γ)
∑
k
JQ (k, q = 0)
|∆ (k)|2
E (k)2
× sin [ϕ+1,+1 (k) − ϕ−1,−1 (k)]ωxy (0)
= −4 (1 − γ)
∑
k
JQ (k, q = 0)
〈
Φ0
∣∣∣∣Hαz,k,q=0∣∣∣∣Φ0〉ωxy (0) .
(131)
Here, we used the expectation value of the hexadecapole
of Eq. (129) for the superconducting ground state Φ0 of
Eq. (118). As discussed for Eqs. (69) and (70), the torque
τxy
(
ri, r j
)
is proportional to the hexadecapole. It is meaningful
to show the expectation value of the torque τxy for the super-
conducting ground state Φ0 as follows:〈
Φ0
∣∣∣τxy∣∣∣Φ0〉
= −4 (1 − γ)
∑
k
JQ (k, q = 0)
〈
Φ0
∣∣∣∣Hαz,k,q=0∣∣∣∣Φ0〉 . (132)
Thus, we have an elementary expression for the
hexadecapole-rotation interaction energy in terms of the
torque τxy and rotation ωxy (q = 0) as〈
Φ0
∣∣∣Hrot(ωxy)∣∣∣Φ0〉 = 〈Φ0 ∣∣∣τxy∣∣∣Φ0〉ωxy (0) . (133)
Note that the expectation value of the torque
〈
Φ0|τxy|Φ0〉 de-
fined in Eq. (132) spontaneously becomes finite with the ap-
pearance of the hexadecapole ordering
〈
Φ0|Hαz,k,q|Φ0
〉
, 0
due to the superconducting energy gaps of |∆+1,+1 (k) | =
|∆−1,−1 (k) | = |∆ (k) | , 0 in the superconducting phase.
In order to specify the hexadecapole ordering in the su-
perconducting phase far below the transition temperature, we
adopt a phenomenological treatment using the microscopic
theory described above. The internal energy U includes both
the restricted quadrupole interaction energy of Eq. (124) and
the hexadecapole-rotation interaction energy for the rotation
ωxy (0) in the small-wavenumber limit of |q| → 0 in Eq. (130)
as
U =
∑
k
U (k)
= −1
2
(1 − γ)
∑
k
JQ (k, 0)
|∆ (k)|2
E (k)2
× {cos [ϕ+1,+1 (k) − ϕ−1,−1 (k)]
+4 sin
[
ϕ+1,+1 (k) − ϕ−1,−1 (k)]ωxy (0)}
+
1
2
C066ωxy (0)
2 +
1
4
βωxy (0)4 . (134)
Here, we add the harmonic rotation energy of C066ωxy (0)
2 /2
and the higher-order term of βωxy (0)4 /4 with β > 0 to avoid
instability of the system. Since the present system has the
spin-singlet property of S = 0, we take the sum of the spin
orientation as
∑
σ,σ = 2 in the internal energy U of Eq.
(134). We seek the minimum of the internal energy U (k)
of Eq. (134) in finite variations of the phase difference of
δϕ (k) = ϕ+1,+1 (k) − ϕ−1,−1 (k) − spi , 0 from the station-
ary point of spi = 2npi for the ferro-type quadrupole interac-
tion of JQ (k, 0) > 0 or spi = (2n + 1)pi for the antiferro-type
quadrupole interaction of JQ (k, 0) < 0 and the finite rotation
ωxy (0) , 0.
The internal energy U (k) characterized by wavevector k in
Eq. (134) is expanded up to the second order of δϕ (k) as
U (k) = −1
2
(1 − γ) JQ (k, 0) cos (spi) |∆ (k)|
2
E (k)2
×
[
1 − 1
2
δϕ (k)2 + 4δϕ (k)ωxy (0)
]
+
1
2
C066
NC
ωxy (0)2 +
1
4
β
NC
ωxy (0)4 . (135)
Here, NC =
∑
k is the number of Cooper pairs participating in
the superconductivity. For simplicity, we use the abbreviated
notation SQ (k) proportional to the square of the energy gap
|∆ (k)|2 as
SQ (k) =
1
2
(1 − γ) JQ (k, 0) cos (spi) |∆ (k)|
2
E (k)2
=
1
2
(1 − γ) ∣∣∣JQ (k, 0)∣∣∣ |∆ (k)|2
E (k)2
. (136)
Since the quadrupole interaction of JQ (k, 0) is dominated
by the indirect quadrupole interaction of DQQ (k, 0) of Eq.
(42), the ferro-type quadrupole interaction of JQ (k, 0) > 0
for the small-wavenumber regime of |k| < kQb causes the
energy gaps with the phase difference around the stationary
point of spi = 2npi for cos (2npi) = 1, while the antiferro-
type interaction of JQ (k, 0) < 0 with the relatively large-
wavenumber regime of |k| > kQb brings about the energy
gaps with the phase difference around the stationary point of
spi = (2n + 1) pi for cos [(2n + 1) pi] = −1. The experimentally
determined phase diagram as shown in Fig. 4 indicates that
the ferro-type quadrupole interaction for the Co concentration
x below the QCP of xQCP = 0.061 changes to the antiferro-
type quadrupole interaction with increasing x across xQCP.
Therefore, the inherent property, that both the antiferro- and
ferro-quadrupole interactions participate in the Cooper pair
formation in Eq. (136), is available for the appearance of the
superconductivity in the vicinity of the QCP.
Thus, the internal energy U (k) of Eq. (135) is deduced as
U (k) =
1
2
SQ (k)
[
δϕ (k) − 4ωxy (0)
]2
+
1
4
β
NC
ωxy (0)2 − 16NCβ
SQ (k) − 116 C
0
66
NC

2
− SQ (k) − 64NC
β
SQ (k) − 116 C
0
66
NC
2 . (137)
The appearance of the energy gap |∆ (k)| , 0 in the super-
conducting phase leads to a finite value of SQ (k) , 0 in Eq.
(136). The minimum of the internal energy U (k) of Eq. (137)
is satisfied by the following constraint for the phase deviation
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of δϕ (k):
δϕ (k) = 4ωxy (0) . (138)
This result means that the finite phase deviation of δϕ (k) =
ϕ+1,+1 (k) − ϕ−1,−1 (k) − spi , 0 from the stationary point of
spi = 2npi or spi = (2n + 1)pi associated with the hexadecapole
ordering brings about the spontaneous rotation of ωxy (0) , 0
in the superconducting state.
The energy U (k) of Eq. (137) is optimized by the sponta-
neous rotation ωxy (0) as
ωxy (0) = ±4
√
NC
β
SQ (k) − 116 C
0
66
NC
. (139)
Here, we need the criterion
SQ (k) − 116
C066
NC
> 0. (140)
When the appropriate magnitude of SQ (k) due to the super-
conducting energy gap |∆ (k)| in Eq. (136) satisfies the crite-
rion of Eq. (140), the spontaneous rotation ωxy (0) , 0 of Eq.
(139) of the macroscopic superconducting state occurs with
respect to the host lattice. The occurrence of the spontaneous
rotation ωxy (0) , 0 gives the optimized internal energy as-
sociated with the superconductivity bearing the hexadecapole
as
UH (k) = −SQ (k) − 64NC
β
SQ (k) − 116 C
0
66
NC
2
= −SQ (k) − β4NCωxy(0)
4. (141)
The first term −SQ (k) in Eq. (141) is the restricted
quadrupole interaction energy with the null phase difference
of δϕ (k) = ϕ+1,+1 (k) − ϕ−1,−1 (k) − spi = 0 corresponding
to cos
[
ϕ+1,+1 (k) − ϕ−1,−1 (k)] = 1 for the stationary point of
spi = 2npi or cos
[
ϕ+1,+1 (k) − ϕ−1,−1 (k)] = −1 for the station-
ary point of spi = (2n + 1)pi in Eq. (124).
The hexadecapole ordering of 〈Hαz 〉 , 0 due to the spon-
taneous deviation δϕ (k) , 0 from the stationary point of
spi = 2npi or spi = (2n + 1)pi leads to the spontaneous
rotation ωxy (0) , 0 with respect to the container of the
host lattice. According to the second term in Eq. (141),
the spontaneous rotation ωxy (0) , 0 further lowers the in-
ternal energy U (k) from the stationary energy −SQ (k) of
the restricted quadrupole interaction for the superconduct-
ing ground state of Eq. (118). In the framework of the phe-
nomenological theory for the second-order transition,88) the
quenching of the pair-electron state with the A2 symmetry
of the higher-symmetry space group D174h associated with the
spontaneous rotation ωxy(0) , 0 brings about a twisted phase
with the lower-symmetry space group C54h.
51, 67) The sponta-
neous breaking of the A2 symmetry associated with 〈Hαz 〉 , 0
and ωxy (0) , 0 loses the symmetry operations consisting of
2C′2, 2C
′′
2 , 2σv, and 2σd in the space group D
17
4h of the mother
phase. Consequently, the macroscopic superconducting state
spontaneously twists by ωxy(0) , 0 with respect to the host
lattice. The hexadecapole of Eq. (68) is carried by the two-
electron states of Eq. (74), which consist of two electrons
accommodated in the degenerate y′z and zx′ band orbitals
mapped on the special unitary group SU(2). Therefore, the ap-
pearance of the hexadecapole ordering 〈Hαz 〉 , 0 of Eq. (129)
is explained by the symmetry breaking in the direct product
of the special unitary group SU(2) ⊗ SU(2).
The critical slowing down in the relaxation time τH ob-
served via the ultrasonic attenuation coefficient α66 of the
transverse ultrasonic wave around the superconducting tran-
sition is explained in terms of the hexadecapole susceptibil-
ity for the ferro-type ordering of the hexadecapole Hαz,k,q=0.
The finite expectation value of the hexadecapole Hαz,k,q=0 of
Eq. (129) means that the superconducting ground state of Eq.
(118) actually bears the hexadecapole. This result convinc-
ingly accounts for why the critical slowing down due to the
hexadecapole ordering is observed around the superconduct-
ing transition. The direct detection of the spontaneous rotated
state ωxy (0) , 0 due to the hexadecapole ordering in the su-
perconducting phase is strongly required in future.
As is presented in Fig. 1(b), the onset of the critical slow-
ing down in the relaxation time τH appears in the normal
phase far above the superconducting transition temperature
of TSC = 23 K, where fermion quasiparticles are relevant
but the off-diagonal long-range ordering of the Cooper pairs
does not exist. This means that the hexadecapole Hαz,k,q of Eq.
(90) in the normal phase is actually carried by the fermion
quasiparticles but not by the Cooper pairs. The indirect hex-
adecapole interaction DHH (k, q) of Eq. (95) between two-
electron states mediated by the rotation ωxy (q) of the trans-
verse acoustic phonons with the small-wavenumber limit of
|q| → 0 favors the ferro-type hexadecapole ordering. This
ferro-type hexadecapole interaction reduces the energy of the
two-electron states bearing the hexadecapole in both normal
and superconducting phases. This plausibly explains why the
system specially favors the Cooper pairs bearing the hexade-
capole among the various types of Cooper pairs due to the
quadrupole interaction of Eq. (106).
The indirect hexadecapole interaction Hamiltonian of Eq.
(94) responsible for the hexadecapole ordering of Hαz,k,q=0 is
mapped to the Ising model. The critical index of zν = 1 de-
termined by the relaxation time τH in the normal phase above
the superconducting transition temperature for x = 0.071 is in
good agreement with mean field theory39) and reasonable con-
sistent with the three-dimensional Ising model with zν = 1.2
for ν = 0.63 and z = 2.04.89, 90) The critical index of zν = 1/3
in the superconducting phase below TSC, however, consider-
ably deviates from the standard scaling theory with the same
critical indices in both the normal and ordered phases.42) This
inconsistency of zν = 1/3 below TSC and zν = 1 above TSC is
accounted for by the inherent properties of the present system
where the superconductivity and the hexadecapole ordering
simultaneously appear.
The quenching of the A2 symmetry of the hexadecapole or-
dering 〈Hαz 〉 , 0 accompanied the superconducting transition
for x = 0.071 changes the symmetry of the mother tetrag-
onal phase with the space group D174h to the ordered tetrago-
nal phase with the space group C54h, while the quenching of
the B2 symmetry of the quadrupole ordering 〈Ox′2−y′2〉 , 0
accompanying the structural transition for x = 0.036 gives
the orthorhombic phase with the space group D232h. Note that
the space groups C54h for the hexadecapole ordered phase and
D232h for the quadrupole ordered phase are subfamilies of the
space group D174h for the mother tetragonal phase. The or-
thorhombic phase of the space group D232h due to the ferro-
quadrupole ordering changes to the superconducting phase
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below TSC = 16.4 K for x = 0.036. The orthorhombicity of
δ = (a−b)/(a+b) ∼ 10−3 for the lattice parameters a and b in
Ba(Fe1−xCox)2As2 with x = 0.047-0.063 reveals the tendency
of δ → 0 with decreasing temperature in the superconduct-
ing phase.14) This reentrant property favoring the tetragonal
lattice instead of the distorted orthorhombic lattice in the su-
perconducting phase is consistent with the tetragonal struc-
ture C54h proposed as the hexadecapole ordering phase in the
present paper. In short, we conclude that the unconventional
superconductivity accompanying the hexadecapole ordering
in the present system is a common feature across the QCP for
x = 0.061.
5. Conclusion
In the present work, we investigated the order parameter
dynamics around the superconducting and structural transi-
tions in the iron pnictide Ba(Fe1−xCox)2As2 by means of ultra-
sonic measurements. The critical slowing down of the relax-
ation time τ due to freezing of the order parameter fluctuations
associated with the superconducting and structural transitions
was verified by the divergence of the ultrasonic attenuation
coefficients. In the analysis of the experiments, we employed
the significant fact that the transverse ultrasonic waves used
to measure the elastic constant C66 simultaneously induce the
rotation ωxy of the antisymmetric tensor and the strain εxy
of the symmetric tensor. Taking the band calculations on the
iron pnictide into account, we suppose that the degenerate y′z
and zx′ bands carrying the electric quadrupoles Ox′2−y′2 and
Ox′y′ and the angular momentum lz play an essential role in
the appearance of the superconducting and structural transi-
tions in the system. We attempted to clarify the order parame-
ters caused by the symmetry breaking of the space group D174h
of the tetragonal mother phase and the special unitary group
SU(2) of the degenerate y′z and zx′ bands.
The structural transition in the compound x = 0.036 is
caused by the ferro-quadrupole ordering of Ox′2−y′2 , which
was identified as one of the generator elements of SU(2). The
interaction of the quadrupole Ox′2−y′2 to the strain εxy leads to a
structural transition due to the ferro-quadrupole ordering. The
critical slowing down of the relaxation time τQ by the ultra-
sonic attenuation coefficient α66 and the large softening of the
elastic constant C66 are well described in terms of the diver-
gence of the quadrupole susceptibility. The quenching of the
quadrupole Ox′2−y′2 belonging to the B2 irreducible represen-
tation of the tetragonal mother phase of the high-symmetry
space group D174h brings about a distorted orthorhombic phase
with the low-symmetry space group D232h.
The rotationωxy of the transverse ultrasonic waves or trans-
verse acoustic phonons twists the electronic states with an-
gular momentum lz. The rotation operator of exp
[−ilzωxy]
acting on the Hamiltonian H leads to the perturbation of
Hrot
(
ωxy
)
= i
[
lz,H
]
ωxy = τxyωxy, where the torque τxy is de-
scribed by the Heisenberg equation i~∂lz/∂t =
[
lz,H
]
= iτxy.
For the CEF Hamiltonian of H = HCEF, the torque τxy corre-
sponding to the hexadecapole of one-electron states, however,
vanishes because of the rotational invariance for states in the
central force in the absence of an external magnetic field.
The rotation operation on the anisotropic quadrupole
interaction Hamiltonian consisting of Ox′2−y′2 and Ox′y′
gives the interaction of the hexadecapole Hαz
(
ri, r j
)
=
Ox′y′
(
ri
)
Ox′2−y′2
(
r j
)
+Ox′2−y′2
(
ri
)
Ox′y′
(
r j
)
to the rotation ωxy of
the transverse ultrasonic waves. The critical slowing down of
the relaxation time τH around the superconducting transition
is well described in terms of the divergence of the hexade-
capole susceptibility. This result indicates that the ferro-type
hexadecapole ordering is caused by the quenching of the two-
electron state belonging to the A2 irreducible representation
of the tetragonal phase with space group D174h.
Supposing that the quadrupole interaction of Ox′2−y′2 medi-
ated by the strain εxy (q) of the transverse acoustic phonons
with a small wavevector favors the attractive force for
pairs of electrons, we solve the superconducting Hamilto-
nian based on the anisotropic quadrupole interaction. The su-
perconducting ground state consisting of two different en-
ergy gaps for the Cooper pairs possesses the energy de-
pendence of cos
[
ϕ+1,+1 (k) − ϕ−1,−1 (k)] for the phase differ-
ence of ϕ+1,+1 (k) − ϕ−1,−1 (k) between the two energy gaps.
The Cooper pair bearing the hexadecapole proportional to
sin
[
ϕ+1,+1 (k) − ϕ−1,−1 (k)] couples to the rotation of ωxy (q)
of the transverse acoustic phonon. The hexadecapole in-
teraction mediated by the rotation ωxy (q) with the small-
wavenumber limit of |q| → 0 causes the ferro-type hexade-
capole ordering in the superconducting phase, which brings
about the spontaneous rotation ωxy (0) , 0 of the macroscopic
superconducting state with respect to the host tetragonal lat-
tice. This is in good agreement with the ground scenario that
the critical slowing down around the superconducting transi-
tion is caused by the hexadecapole ordering. The simultane-
ous symmetry breaking of the U(1) gauge for the off-diagonal
long-range ordering of the Cooper pairs and the freezing of
the A2 symmetry of space group D174h for the ferro-type hex-
adecapole ordering specify the unconventional superconduc-
tivity of the present iron pnictide.
The present experiments on the iron pnictide
Ba(Fe1−xCox)2As2 showed that ultrasonic measurements
by transverse ultrasonic waves carrying rotation as well as
strain are a powerful means of detecting the hexadecapole
and quadrupole effects of quantum systems with orbital
degrees of freedom. We hope that the measurements of the
hexadecapole as well as the quadrupole by the transverse
ultrasonic waves will lead to the discovery of various ex-
otic phenomena associated with magnetic and quadrupole
orderings and unconventional superconductivity in strongly
correlated electron physics.
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